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INVARIANT METHODS IN CLASSICAL 
DIFFERENTIAL GEOMETRY* 


BY W. C. GRAUSTEIN 


There are two well known developments of classical differ- 
ential geometry by invariant methods which are systematic and 
comprehensive, namely those of Cesarot and Ricci.{ Ricci’s 
tensor analysis is so familiar as to need no detailed description, 
and the methods of Cesaro may perhaps best be set forth by 
comparing them with those of Ricci. In making this compari- 
son there are two questions of major importance to consider, 
the one having to do with the point of departure of the theory, 
and the other with the method of differentiation. 

Ricci based his developments on an analytic representation 
of the manifold under consideration. On the other hand, it was 
a matter of principle with Cesaro to get along without a fixed 
coordinate system to which to refer the manifold. Perhaps it is 
this strict adhesion to purely intrinsic geometry that has stood 
in the way of a more general adoption of Cesaro’s methods. In 
any case, the opinion seems to be generally held that a more 
powerful theory is obtainable by combining the purely intrinsic 
methods with invariant methods based on representations by 
means of parameters or coordinates. 

In contrast to Ricci’s method of covariant differentiation, 
Cesaro employs the older method of intrinsic differentiation, 
differentiation along a curve with respect to the arc of the 
curve.§ It is probably the general opinion that here, too, 
Ricci’s choice is the better one. This opinion is undoubtedly 
justifiable in the case of manifolds of higher dimensionality, but 
it is a question whether it can be upheld in the case of the mani- 
folds of classical differential geometry. 


* An address presented to the Society at the request of the program com- 
mittee, April 18, 1930. 

¢ Lezioni di Geometria Intrinseca, 1896. 

t Lezioni sulla Teoria delle Superficie, 1898; also, Ricci and Levi-Civita, 
Méthodes de calcul différentiel et absolu et leurs applications, Mathematische 
Annalen, vol. 54 (1901), pp. 125-201. 

§ The method was used earlier by various writers, notably, Lamé, Bonnet, 
Gilbert, and Enneper. 
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In comparing the two methods in this case, let us, for ex- 
ample, consider the theory of a surface in euclidean 3-space. 
Fundamental in this theory are the three quadratic differential 
forms of the surface, and linear differential forms which, when 
equated to zero, represent families of curves on the surface. 
From the point of view of invariant theory, the important prob- 
lem consists in finding the invariants of this system with respect 
to changes of parameters. We pass over the algebraic in- 
variants of the system,—they are readily found. It is invariants 
depending on further differentiation which interest us. 

Intrinsic differentiation of invariants yields new invariants 
as a result. On the other hand, covariant differentiation does 
not give rise immediately to new invariants. Applied to in- 
variants or to tensors, it yields first new tensors, and only 
secondarily, by application of algebraic processes to these 
tensors, does it give rise to new invariants. It is in this way, 
for example, that geodesic curvature is introduced. 

Equations expressed in terms of the components of tensors 
and their covariant derivatives are not, in general, invariant. 
This is the case, for example, for the equations corresponding to 
those of Codazzi. Asa matter of fact, Ricci does not leave final 
results, such as these, in tensor form, but reverts to the use of 
actual invariants and their intrinsic derivatives. 

But the intrinsic derivatives are, in themselves, sufficient. 
Covariant differentiation is only an intermediate process which 
is not only unnecessary, but also disadvantageous in that, in 
dealing essentially with teasors rather than with invariants, it 
requires the use of non-invariant quantities and equations. 

We have noted that Cesaro’s use of intrinsic differentiation 
was divorced from any fixed analytic representation of the 
surface. The introduction of intrinsic differentiation in con- 
nection with a parametric representation of the surface has been 
carried out by various authors, notably, Lilienthal,* Knob- 
lauch,{ and Blaschke.{ However, in none of these treatments 


* Uber geoditische Kriimmung, Mathematische Annalen, vol. 42 (1893), 
pp. 511-516; Vorlesungen iiber Differentialgeometrie, vol. 11, 1913, Part IV. 

+ Grundlagen der Differentialgeometrie, 1913, pp. 56, 89, 191, 201, 205, 255, 
351, 389, 522, 572. 

t Vorlesungen iiber Differentialgeometrie, vol. I, 3d edition, 1930, pp. 
123-145, 181-190, 289-292. 
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is full use made of the connection with the parametric repre- 
sentation. In fact, the importance of this connection for the 
development of a comprehensive and powerful theory seems not 
to have been completely realized. 

The theory set forth in this paper aims to emphasize this con- 
nection, as well as to show the advantages of the use of direc- 
tional derivatives. It also introduces two further tools, Jacobi- 
ans and a modified form of intrinsic differentiation. Jacobians 
are employed in establishing the connection with the parametric 
representation, in obtaining invariant vectors and functions, 
and in introducing directional derivatives. The modified direc- 
tional derivatives cooperate with the ordinary directional 
derivatives to yield a simpler, and, it is hoped, a more powerful, 
theory.* 

The application of the theory has been restricted here to 
surfaces in euclidean 3-space. It will be evident, however, that 
the methods employed have a wider field of usefulness. 


A. THE UsE OF JACOBIANS 
1. Invariant Vectors. Let x=x(u, v): 
χι = χιί(μ, Ὁ), Xe = χείμ, Ὁ), 2X3 = x3(u, v)T 
be a real surface, S, referred to a system of real curves, and let 
u= u(u',v’), v = v(u’, v’) 


be an arbitrary change of parameters, with Jacobian A #0. 
Let #(u, v) and ¥(u, v) be two functions of u and v, and de- 
note their Jacobian by [¢, y]: 


If @ and ψ are transformed by (1) into φ' and y’ so that 
and y’=y, then 


[o’, = Ale, ψ]. 


* The theory, as set forth, is a revision of a recent paper by the author, 
Méthodes invariantes dans la géométrie infinitésimale des surfaces, Mémoires 
de l’Académie Royale de Belgique (Classe des Sciences), (2), vol. 11 (1929). 
The reader is referred to this paper for references concerning the details, and 
also for examples illustrating the applications of the theory. 

{ It is assumed that all functions are real, single-valued, and analytic 
throughout a certain domain of the real variables u, v. 


— 
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Thus, the Jacobian of two absolutely invariant functions is a 
relative invariant of weight unity. 

A vector whose components are all relative invariants of the 
same weight is said to be a relatively invariant vector. 

If the components of a vector are the Jacobians of functions 
which are absolutely invariant with respect to an arbitrary change 
of parameters, the vector is relatively invariant. 

A great majority of the important relatively invariant vec- 
tors have components formed essentially in this fashion. 

2. Invariant Vectors Normal to the Surface. The familiar 
vector* 

a = Χ,, 
is a relatively invariant vector of weight one: 
a’ = Aa. 
It gives rise to the unit vector, ¢, normal to the surface: 


a 


(α | a)!/? 
Since 
(a | a’)? = + Δία! α)""", 

v=+f, 
where the plus sign or the minus sign is to be taken according 
as A>0O or Δ «0. Hence ¢ is an absolutely invariant vector, 
except perhaps for a change of signs. 

From x and ¢ may be formed the two further vectors, 


-- 


γ B= — tbe — ἴω, 
normal to the surface. 
The components of the three vectors a, B, y may all be ex- 
pressed in terms of Jacobians of invariant functions. We have: 


αι ΞΞ [ x2, xs], By [ x2, 4] χα], yi > és], 
[ xs, x1], Be [ xs, ζι] x], [ζ, 
a3 = [χι, Xe], Bs = -- [x, ζ:] = 3 = 


* Vector notation. If a: a, dz, a3, and δ: δι, be, bs are ordered triples of 


| 


numbers, their inner and outer products shall be denoted by (a! δ) andab 
respectively: 
(a b) =a,b, + a:b, +a3b3, 
ab: d2b3—a3b2, a3b; —a,b3, 


ΝΗ 
= 
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Hence, a, 8, y are relatively invariant vectors of weight one, 
except that, in the case of 6, the signs may change. 

The vectors a, 8, y stand in close relationship, respectively, 
to the three fundamental differential forms of S. We write 
these forms, with their discriminants, as follows: 


A= (dx | dx) = Edu? + 2Fdudv + Gdv?, D? = EG — F?, 
B = — (dx| df) = edu? + 2fdudv+ κἀν, «sd?» = eg — ff’, 
C= (df | df) = Edu? + 2Fdudv + Gdv?, Ὁ = ἐς -- 7. 


The inner product of two of the vectors a, 8, y, or of one of 
these vectors with itself, is relatively invariant with respect to a 
change of parameters, and absolutely invariant with respect to 
rigid motions. The six invariants obtained in this way are 
essentially the fundamental algebraic invariants of the three 
quadratic forms with respect to changes of parameters: 


Form Discriminant Simultaneous Invariant 
Α D?=(ala), 1[(4, B) = 
(2)  D?=(aly), C) = — 2(α[γ), 
C C) = (Bly). 


Since a, B, y are all normal to S, and a is never a null vector, 
Ύ and β are scalar multiples of a. The multipliers are respec- 
tively K and K’, the total and mean curvatures of the surface: 


y= Ka, B= Κα. 


When these values of y and 8 are substituted into (2), the 
six invariants in (2) become functions of (a le), K, K’. Hence, 
all the algebraic relative invariants of the three fundamental 
forms with respect to changes of parameters are functions of 
(a\a), K, K’. But (ala), Καὶ, K’ form a complete system of 
absolute invariants, with respect to rigid motions, of the three 
vectors a, 8, y. Hence, the system of absolute invariants with 
respect to rigid motions of these three vectors, which are them- 
selves relatively invariant with respect to changes of param- 
eters, is identical with the system of algebraic relative 
invariants of the three fundamental forms with respect to 
changes of parameters. 


= 
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3. Invariant Vectors Tangent to the Surface. If (u, v) isa 
function which is absolutely invariant with respect to a change 
of parameters, there is associated with it the relatively in- 
variant vector 


[x, φ]: φ], [ x2, φ], [ x3, φ], 


and also the vector 
3 [x, 9] ( 4φ...) 
(5) = -ἰχ, Φ]) = --(φιῖι — Gurr 
D D 


which is absolutely invariant except perhaps for a change of 
signs. 

If ¢ is not a constant, the equation ¢(u, v) =const. represents 
on S a family of curves, and the vector ® at a point P of S lies 
on the tangent, at P, to the curve of the family which passes 
through P. We agree to direct the curve so that the positive 
direction is that of ®. 

Suppose that ¥(u, v)=const. represents a second family of 
curves on S and let 


1 
Ψ] 
be the corresponding absolutely invariant vector. 

The inner product of one of the vectors ®, Ψ with itself, or 
with the other, is evidently an absolute invariant. The in- 
variants thus obtained are simply the familiar differential param- 
eters of the first order: 


Aid = (ΦΙ 4), Διίφ, ψ) = (ΦΙ Ψ). 


We have, also, 


02(¢,¥) = OW), 
where 
Θι(φ, ψ) : [φ, ψ] 
1\9; D ᾽ 


The usual formulas for the angle w from the directed curve 
@=const. to the directed curve Y=const., namely, 


Δι(φ, vy) Θι(φ, ψ) 
------- 
(Δ,φ)}"3 (Δ 


= 


= 
— 
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now reduce to the obvious forms 


(ΦΙ Φ)}3(Ψ | | | 


Since the length of the vector ® is (A, ¢)!/”, the vector ¢® gives, 
in direction and length, the directional derivative of $(u, v) of 
maximum value. It is the generalization of the gradient of a 
function in the plane. 

The unit vector, 0x/ds, in the direction of the vector ® is 


Φ 1 ΓᾺ 
(4) [x,o] 
(@| D (Δ,4)"" 


cos 


Os 
Hence, the rate of change of an arbitrary function x(u, 9) 
in the positive direction of the curve ¢(u, v) =const. is 
dx 1 Ix,¢] 
ds D (Δ, ¢)!'/? 


(5) 


4. Differential Parameters of the Second Order. Geodesic 
Curvature. Jacobians of invariant functions may be employed 
to form scalar invariants as well as invariant vectors. 

For example, the differential parameter A.d, expressed in 
terms of Jacobians in a form which is obviously invariant with 
respect to a change of parameters, is 


1 
(6 As 
(6) 


Equivalent to this is the expression 


- Ξ -- Xu | | 
D Lov Ou 
which, when for ® is substituted the value given by (3), expands 
into the usual form. 

Again, the geodesic curvature of a curve $(u, v) =const. is 
given by 

1 

7 Xi; ®; . 
ΣΙ 


ρ 


For this relation may be put into the form 


— 
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1 1 a ( | ax ὃ ax 
p DtLou\ ‘las dv as 


and may then be expanded into the classical formula of 
Bonnet. 


B. DIRECTIONAL DERIVATIVES 


5. Condition of Integrability. Let there be given a system of 
curves on S consisting of the family of curves C:$(u, v) =const., 
and the family of curves C’:¥(u, v)=const. Assume that 
[φ, | >0, that is, that the curves of the families are so directed 
that 0<w<z7, where ὦ is the angle from the directed curve C to 
the directed curve C’, measured in the positive sense. 

The unit vectors, ξ and &’, in the positive directions of the 
curves C and C’, are, by (4), 


dx 1 | oo 


(8) 
Ἐπ 
ds’ D (Aw)? (Διψ)"2 
Hence 
. Wu , 
x, sSinw = — + ε; 
(Διψ)"": (Δ:4)"": 
x, sinw = — -ξ + ξ', 
(Aw)? (Aw)? 
an 
dy ἐφ 
ἀχ βίπω = d 


4: ξ 
(Aw)? 


Thus, the linear element of the surface, referred to the 
system of curves C and C’, is 
dy? d d dq? 
(9) sin? w(dx| dx) = — 2cosw + =. - 
Aw (Aw)!/? (Aid)!/? Διφ 
The differentials of arc, ds and ds’, of the curves C and C’, 
are, then, respectively, 


d d 
(10) ds=-— ds’ = Φ 


sin w (Ay)!/? sin ὦ (Ai@)!/? 


— 
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The arcs are measured in the positive directions of the curves, 
and the signs in (10) result from the fact that the functions 
¢ and wy increase in the directions which lie to the left of the 
curves C and C’, when these curves, looked at from the side of 
S in the positive direction of the normal ¢, are traced in their 
positive senses. 

The directional derivatives, 0x/ds and 0x/ds’, of an arbitrary 
function x(u, v) in the positive directions of the curves Cand C’, 
are, by (5), 


ox a 1 φ. Pu 

(11) 
ἴ Yo Yu 


Solving these equations for x, and χ,, we have 


Vu ox du ox 

χῷ 
(12) sinw(Aw)!/2 ds sinw(Aid)!/? Os 
ψ. ox Pr Ox 


sinw (Aw)!/? as sinw as! 


Forming dx from these relations and introducing ds and ds’ 
from (10), we find 


(13) dx = —ds + —ds’. 
0s’ 


On the other hand, if we differentiate the first of the equations 
(12) with respect to v and the second with respect to u and 
equate the resulting expressions, the equation obtained re- 


duces to 
ὃ Ox ὃ Ox 1 dx 1 dx 


= 
Os δὲ δὲ a δὲ és’ 
where 
1 ὃ 1 ὃ 
(15) — = — log (sin ὦ (Aw)!/2), — = -- — log (sin ὦ (Δ,4)"3). 
σ Os’ σ' Os 


A necessary and sufficient condition that two functions of u and v, 
which we denote by 0x /0s and 0x/0s’, be the directional derivatives 


= 
= 
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in the directions of the curves C and C’ of a function x(u, v) ts that 


(14) --.-- -π--Ἔ =— —+— — 
0s’ ὃς ὃς Os’ σ ὃς» ao’ Os’ 


When the condition is satisfied, 
Ox Ox 
—ds + —ds’. 
0s’ 


x = 
ὃς 


6. The Invariants 1/0, 1/0’. In seeking the geometric inter- 
pretations of the invariants 1/0 and 1/o’ given by (15), we 
consider first the significance of their vanishing.* 


The curves C’ are equidistant curves with respect to the curves 
C, that is, every two curves C’ cut segments of equal length from the 
curves C, if and only if the invariant 1/¢ is zero. 

For, if 1/0 =0, the function sin ὦ (Ay)! is constant along each 
curve C’ and is, therefore, a function of y. Then, ds, as given 
by (10), is actually the exact differential of a function s(y), 
which is the common arc of the curves C measured from a fixed 
curve C’ to an arbitrary curve C’. The argument may be 
reversed. 

The geometric interpretation of 


9 


1 
log (sin w (Aw)!/?) 
as’ 


is now clear. It is a measure of the deviation from one another 
of the curves C’ with respect to the curves C. When we think 
of dy in (10) as having been given a fixed value, it is precisely, 
except for sign, the logarithmic rate of change, in the direction 
of the general curve C’, of the element of arc of the general 
curve C. We shall call it the relative variation of the element of 
arc of the curve C with respect to the curve C’.f 

The relative variation, 1/o, of the element of arc of C with 
respect to C’ is taken in the positive direction of C’, that is, in 
the direction on C’ to the left of C in the sense described in §5. 


* The significance of the vanishing of 1/a and 1/c’ is well known; see 
Lilienthal, Vorlesungen, vol. 2, p. 228. 

+ It is to be noted that 1/o is unchanged when y is replaced by F(y). 
This is not true, for example, of (0/ds’)(sin w(Ay)"/?). 


ὃ Ox ὃ 1 1 
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Accordingly, we should take the relative variation, 1/o’, of the 
element of arc of C’ with respect to C in the direction on C to 
the left of C’. This is the negative direction on C. Hence, we 
should have, and, by (15), actually do have 


1 6 : 
-- = — — log (sin w(Ai¢)'/”). 
Os 


, 
σ 


From the law of change, with the direction, of the directional 
derivative, it is evident that 


dg 
sin w(Aw)!? = -- --- , = — - 
Os Os’ 
Hence, we get the formulas 


1 0 Oy 1 0 oy 
~), ΞΞ - = tog (6), 
σ Os’ Os σ' Os Os’ 


which give new interpretations of 1/o and 1/0’. 

We suppose now that the curves C and C’ form an orthogonal 
system: w=7/2, and compute their geodesic curvatures, 1/p 
and 1/p’. Substituting for x, and x, in (7a) their values in terms 
of ξ and ξ', and setting, for 0x/ds, ἕξ and ξ' in turn, we find 


γῇ .- 
1 Pr 0 Pu 
Fi = | 


Hence, we have 


1 ὃ a 1 
(16a) — = —log (Aw)!? =—, — = — —log = — 
If the curves C and C’ form an orthogonal system, the relative 
variations of their elements of arc, 1/0 and 1/0’, are equal re- 
spectively to their geodesic curvatures, 1/p and 1/p’. 
We thus have new interpretations of the geodesic curvatures 
of the curves of an orthogonal system. 


7. The Modified Directional Derivatives. The condition of 
integrability (14) tells us that the order of the operations repre- 


ΒΝ 
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sented by the symbols ὃ, ὃς and 0/ds’ cannot be inverted. We 
propose to introduce modifications of the directional deriva- 
tives ὃ. ὃς, 0/ds’, which, when used in conjunction with these 
derivatives, will not only remedy this defect, but also render 
our methods more powerful and elegant. 

The modifications of ὃ, ὃς and 0/ds’, which we shall denote by 
τ and V/Vs’, are defined as follows :* : 

1 1 

Vx _ ox Vx x 


Vs oa’ vs δὲ ἃ 


Vox ὃ Ox 1 dx V ox ὃ Ox 1 dx 


Vs’ as’ 8s Os Vs ds’ ὃς ὃ:’ σ’ Os 


(18) 


A necessary and sufficient condition that Q(u, v)ds+Q'(u, v)ds’ 
be an exact differential 15 that 


The modified derivative of a sum is the sum of the modified 
derivatives. But the standard law for differentiating a product 
does not hold for the modified differentiation. We have, 
instead, 

V(x1x2) Ox2 


Vs Vs Os Os Vs 


Vx1 


The fact that one of the factors is subjected to ordinary differ- 
entiation, and the other to the modified differentiation, works 
out advantageously in practice, as will be seen later. 

When the given system of curves is an orthogonal system, 
1/o=1/p and 1/c’=1/p’. Consequently, in this case, both 


* Though the author came upon it otherwise, the reader will find the 
germ of the idea of the modified directional derivative in the abbreviations 
(0/ds+1/p’)x and (d/ds’—1/p)x employed by Cesaro, loc. cit., in the discus- 
sion of the case in which the curves C and C’ form an orthogonal system. 


q 
According to the definition, 
Hence, the condition of integrability (14) becomes 
Vv ox Vv ox 
Vs’ ὃὲ Vs Os’ 
vo Vv? 
Vs’ Vs 
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modified directional derivatives are identical with the corre- 
sponding ordinary derivatives if and only if S is a plane and 
toe system of curves consists of two orthogonal pencils of 
straight lines. 

On the other hand, in the general case, both modified deriva- 
tives coincide with the corresponding ordinary derivatives for 
every system of curves which clothes S in the sense of Tcheby- 
cheff. For 1/o and 1/o’ both vanish if and only if the curves 
of each family of the system are equidistant with respect to the 
curves of the other family, and this is a characteristic property 
of a system of curves which clothes the surface. 


C. THE CANONICAL DIFFERENTIAL EQUATIONS OF THE 
FAMILIES OF CURVES OF A SYSTEM 


8. The Canonical Differential Equations, Derived from Finite 
Equations. In connection with the system of curves consisting 
of the family of curves C:¢(u, v)=const. and the family of 
cvrves C’:(u, v) =const., we recall the expressions 

dy do 


, 


(10) ds = -- ---------.-------, ἀ5' --------------- 
sin w (Ayw)!/? sin ὦ (Ai@)?!/? 


for the differentials of arc of the curves C and C’. 
When we set 


(19) sin sin w(Aww)!/? 
gu Pr 


B 
sin sin w(Ai¢)!/? 
these expressions become 
(20) ds =A’du+ ds’ = Adu + Βάυ. 


Since ¢, Ψ, Aid, and Aw are absolute invariants with respect 
to a change of parameters, and sin w is an absolute invariant 
except perhaps for a change of signs, the linear differential 
forms Adu+ Bdv and A’du+B'dv are absolute invariants except 
perhaps for a change of signs. 

It is evident that 


Adu + Bdv = 0, A’du + B’dv = 0 


"ΗΝ 
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are differential equations, respectively, of the families of curves 
C and C’. We shall call them the canonical differential equations 
of these families and employ them exclusively, from now on, to 
represent the families. 

The presence of the factor sin w in formulas (10) shows that a 
canonical differential equation of a family of curves C is deter- 
mined only when there is associated with the family C a second 
family C’. In other words, the concept of canonical differential 
equations applies only to two families of curves forming a sys- 
tem, and not to individual families of curves. 

We proceed now to express the theory thus far developed in 
terms of canonical differential equations and the coefficients 
A, B, A’, B’ contained in them. 

From (9) we have, as the new form of the linear element, 


(21) (dx|dx) = ds? + 2 cos ὦ dsds’ + ds’?. 
According to (8), 
sin w sin w 


= ——_(Bx, —Ax,), - (B's, — A’x,). 
D D 


Substituting these expressions into 
= sina, 


D = sin w(A’B — AB’). 


we find 


Hence, when we set 


(22) D = Α'Β — AB’, 


we have 


D = Dsinw. 
The expressions for — and £’ now become 
1 1 
(23) =—(Bx, — Ax,), = — —(B’x, — A’x,). 
D D 


Similarly, we have 
Ox 1 Ox 1 
24) — = =(By, — Axr), = — =(B'xu — 4’ χ.). 
Os D 0s’ D 


The condition of integrability is of the same form as before, 


= 
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where now the values of 1/a and 1/o’ are given by the much 

simpler expressions 

ἐῶ 1 1 1 
μι — — 

σ D 2D 
From (24) and (25) it is readily seen that the modified direc- 

tional derivatives have the values 


Vx. δὰ 
= = πίω - (Ax)e], 
Vs Os 
7x x 
-Ξ --- -αχε — (4’x).]. 
Vs 0s’ σ 


Thus, the vanishing of Vx/Vs is a condition necessary and 
sufficient that x be an integrating factor of Adu-+Bdv, and the 
vanishing of Vx/Vs’ is a necessary and sufficient condition 
that x be an integrating factor of A’du+B’dv.* 


9. Derivation of Canonical Differential Equations from Arbi- 
trary Differential Equations. The canonical differential equa- 
tions of the families of curves C and C’ are readily found, as we 
have seen, when the families of curves are defined by finite 
equations. They may be found with equal ease, without 
quadratures, when the families of curves are defined by differ- 
ential equations, chosen at random. 

Let differential equations defining the curves C and C’ be 


C: Mdu+Ndv=0, C': M'du+ N'dv=0. 
We may assume that MN’— NM’>0, since otherwise we could 
change the signs of, say, M’ and N’. Let, then, J(u, v) >0 and 


I'(u, v)>0 denote positive integrating factors of Mdu+ Ndv 
and M’du+N’dv, respectively, and form 


* The corresponding conditions in terms of the ordinary derivatives are, 

respectively, 
dlog x 1 dlogx 1 

os a’ as’ σ 

and these conditions are in keeping with the geometric interpretations of 

1/o and 1/o’. In particular, when 1/¢ and 1/0’ are both zero, the linear forms 

A’du+B'dv and Adu+Bdv are exact differentials, s and s’ are parameters 

for the surface, and the linear element (21) becomes characteristic for a system 


of curves which clothes the surface. 


-------- 
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(27) dg = IMdu+ INdv, dy = I'M'du + I'N'dv. 


Then [¢, ¥]>0 and sin w>0. 

The quantities A, B, A’, B’ may now be computed from (27), 
by means of (19), and, what is more important, the values ob- 
tained for them are independent of J and I’. 


D. THE SURFACE REFERRED TO AN ORTHOGONAL 
SYSTEM OF CURVES 


10. The Differential Equations of the Vectors of the Trihedral 
£, £’, ¢ Let the canonical differential equations of the families 
of curves C and C’ of an orthogonal system* on S be, respec- 
tively, 

Adu + Bdv = 0, A’'du + B’dv = 0. 


The important formulas for this case may be obtained from 
those of §8 by setting sin w=1, D=D, and replacing 1/o¢ and 
1/o’ by 1/p and 1/p’. 

Thus, the unit vectors £ and £’ in the positive directions of the 
curves C and C’ are 


1 1 
(28) --(Βχ, -- & = ——(B’x, — A’x,), 
D ΠΝ ) 
where 
= A’B — AB’. 
Hence 
(29) x, = A'E+ AL, xy = BE + ΒΕ. 


For the geodesic curvatures of C and C’ and the directional 
derivatives in their positive directions, we have 


: Ay) (8 4.) 
ρ D p’ τὰς Ρ u 
ax Axe A’ whe 
Os D x ) as’ = x x 
(30) 
Vx x 
— = —| (Bx). — (4χ).}] = --- --χ, 
Vs εἰ x | ὃς ρ' 
vx ὃχ 1 
= -- -- τ, 
τε = (/ x. ] as! 


* For the further development of the treatment of the surface referred to 
an arbitrary system of curves, see author, loc. cit. 


= 
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where 
D = ΑΒ — AB’. 


We also have 
Ox Ox 
dx = —ds + —ds’ 
af” 


where 
ds = A’du+ B’dv, ds’ = Adu + Badv. 


The unit vectors £, ξ΄, in the positive directions of curves 
C, C’, and the unit vector ¢ normal to the surface form a rectan- 
gular trihedral which has the same disposition as the axes: 
(EE’¢) =1. We propose to find expressions for the directional 
derivatives, in the directions of the curves C and C’, of the 
vectors of this trihedral, and to write them as linear combina- 
tions of these vectors. Since &, ξ', £ are mutually orthogonal 
unit vectors, the determinant of the coefficients in the linear 
combinations which are respectively the values of the direc- 
tional derivatives of &, &’, ¢ in a specific direction is skew- 
symmetric. 

We obtain the values of 0£/0s, 0£’/0s, /0s by considering 
an arbitrary curve C. The geodesic curvature of C is 


(n| 


p R 


where 7 is the unit vector in the positive direction of the princi- 
pal normal to C, and 1/R is the curvature of C. But 7/R=0£/ds, 


and hence 
1 θὲ (= ) 
31 
(31) p = Is ξ 
where the second of the two values results from the fact that 
|£’) =0. 
The normal curvature of C is given by the formula 
1 (ἀκ) df) + 2 fdudv + gdv* 
ἙΝ (dx | dx) Edu? + 2Fdudv + Gdv* 
Since, along C, (dx |dx) =ds? and 0x/ds =&, 
1 0¢ (=| ) 


.. 
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The familiar formula, 
(Ef — Fe)du? + (Eg — Ge)dudv + (Fg — Gf)dv’ 
D( Edu? + 2Fdudv + Gdv?) 


1 


for the geodesic curvature of C amounts to nothing more than 


1 δὲ Ox 
ἐν 
T Os Os 


But 0x/ds and & = —£’. Hence 


1 | | 
(33) Ε)- -( ἡ. 
Os OS | 


Formulas (31), (32), (33) are equivalent to 


Os p r 
ot’ 1 1 
34) —= —-+t - --, 
Os p T 
1 1 , 
—=——t+-¥. 
Os T 


The trihedral for the general curve C’ which corresponds to 


the trihedral ἕ, &’, ¢ for the curve C is ξ', £’’= —£, ¢. Hence, 
1 
ὃς r 
δὲ 1 
δὲ 1 1 
Os γ' τ' 


where 1/p’, 1/r’, 1/7’ are respectively the geodesic curvature, 
the normal curvature, and the geodesic torsion of the curve C’. 
Consider, now, the condition of integrability (14) of the 
equations 
Ox Ox 
(36) - = é, --- = 
Os Os’ 


ΒΝ 
— 
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When for 0£/ds’ and 0£’/ds are substituted their values from 
(34) and (35), this condition reduces to 


Thus, the required system of differential equations for the vec- 
tors ἕ, ξ΄, 4s 


ae ἊΝ Ψ 
as p p’ 
δὲ 1 1 δὲ 1 


We know that 
dx = ξάς + £’ds’. 


By the last pair of equations in (38), 


1 1 1 1 
—-d= (—: - + ( 
Tr T 
Hence 


(dx | dx) = ds? + ds’?, 


1 2 1 
(39) — (dx | dé) = —ds? — —dsds’ + 
r T r 


(dg | dg) = (= + =) ds? — —K'dsds’ + + ds’? 


The three fundamental quadratic forms of the surface are ex- 
pressible in terms of (a) the canonical linear forms, ds’ = Adu+ Bdv 
and ds = A’du+B'dv, and (b) the normal curvatures, 1/r, 1/r’, and 
geodesic torsion, 1/1, associated with the curves C and C’. 


namely, 
1 1 
0s’ ὃς p p’ 
1 1 
7’ T 
| 
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It is evident that we have now all the advantages of having 
the surface referred to the given orthogonal system of curves, 
while the parametric curves themselves remain arbitrary. 


11. The Fundamental Theorem. The relation (37), which ex- 
presses the fact that equations (36) are compatible, has already 
been taken account of in equations (38). 

If we apply the condition of integrability, in the form 


to the directional derivatives of £, ξ', ¢ in (38), we obtain the 
following relations :* 


(40) where Καὶ - --- --- --, 
Vs'\p Vs \p’ rrr? 
Vs’ Xr τ 
1 


Vs \r por ρ τ 

Equation (40) is the Gauss equation, expressed invariantly 
with reference to the given orthogonal system, and equations 
(41) are the equations of Codazzi, in similar form. 

It is clear from (30) that equations (40) and (41) are equa- 
tions which connect the seven fundamental quantities, A, B, 
A’, B’,1/r,1/r’, 1/7, and their partial derivatives with respect 
to u and v. They constitute necessary conditions for the 
existence of a surface x=x(u, v) for which the equations 
Adu+Bdv=0 and A’du+B’dv=0 define an orthogonal system 
of curves C and C’ whose normal curvatures and geodesic 
torsions are 1/r, 1/r’ and 1/7, —1/r. 


(41) 


* In applying the condition, we have to find the modified derivatives of 
products of the form ké, where & is a function and ὃ is one of the vectors 
ἕξ, ξ΄, ζ. Toone factor of the product we must apply the ordinary differentiation, 
and to the other, the modified differentiation. The advantage of this is evi- 
dent. For, we may take ὃ as the factor to which to apply the ordinary dif- 
ferentiation, and the ordinary derivatives of £, ξ', ¢ are just what are given us 
in (38). 


ox ox 
Vs’ ὃς. Vs Os’ 
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These conditions are also sufficient. For, if the seven quanti- 
ties in question satisfy equations (40) and (41), the system of 
differential equations (38), subject to the conditions 


Ξ (ξ΄ [87 = =1, (ξ18) = 1H =0, 2H) =1, 


is integrable. The resulting rectangular trihedral of unit vec- 
tors, ἕ, ξ', ζ, is determined to within a rigid motion. 

When the expressions found for & and £’ are substituted in 
equations (36), these equations are integrable. A surface, 


ἃς τα + £'ds’, 


is thus determined to within its position in space. Since the 
three fundamental forms of this surface are as given in (39), 
it is readily shown to have the desired properties. 

If two linear differential forms, Adu+Bdv and A’du+B'dz, 
and three functions, 1/r, 1/r’, and 1/7, are given, such that equa- 
tions (40) and (41), where 


1 
—A ἧς ᾽ (8. —A 
) 


and 
D = — AB’ £0, 


are satisfied, there exists a surface, unique to within its position 
in space, on which the equations Adu+Bdv=0, A’du+ B’dv=0 
define two orthogonal families of curves which have 1/r, 1/r’ as 
their normal curvatures, and 1/7, —1/r as their geodesic torsions. 

We permit ourselves, at this point, one application. The 
equation K =0, that is, 


σεν Vs \p’ 


says that the expression 


p 
vx 1 Vx 1 
x)u — (Ax)e] x)u — (A’x)e] 
ds ds’ 
p p 
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is an exact differential. Thus, there exists a function, 6(u, v), 
for which 


But these are precisely the conditions that the expressions 
e'[(A — iA’)du + (B — 
e*[(A + iA’)du + (B + iB’)dv], 


be exact differentials, as can be immediately verified. The 
product of the two expressions can, therefore, be written in the 
form du?+dzv?. But this product is the linear element of the 
surface. 

Thus, we have established, in a simple and elegant manner, a 
theorem whose proof by the usual methods is decidedly labori- 
ous, namely, the theorem to the effect that the linear element 
of a developable surface can be reduced by quadratures to the 
form 


12. The Surface Referred to the Lines of Curvature. We shall 
denote the curves of the two families of lines of curvature by 
C; and C2, the canonical differential equations which represent 
them by 


A,du + B,dv = 0, Aedu + Beodv = 0, 


and the unit vectors in their positive directions, by £, &®. 
The following formulas are, then, self-explanatory: 


D= = 


1 1 (— OA ἢ 1 1 (- Βι OA ᾿ 

ρι D\au ὃυ 7} ρ: = D \ ou dv 7 

ax ox 1 

(42) — = —( -- Aix “-ἅΞΈ —( Box, — 

Os 1 ) OSe D 

vx 1 vx 1 
= —| Bix). (Aix), |, - —[ (Box). (Aox),]. 
Vs, D VSe D 


Since the lines of curvature are characterized by the vanishing 


00 1 06 1 
Os p 0s’ p’ 

| 
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of the geodesic torsion, the fundamental differential forms of S 
are, in this case, 


1 1 1 1 
ds;? + — ds;? + —ds-?, —ds;? + —ds?, 
72 ri 72 


and the fundamental differential equations, 


Ox Ox 
Os) 952 x 
ae) 1 1 ae) 1 
- 
Os) ρι 852 p2 
(43) 
1 1 1 
= -᾿τ = + 
Os) ρι 852 ρ: 72 
OS; 7ι 852 72 


The Gauss-Codazzi equations take the simple forms 
v/1 v/1 
—(—)-— —) K=—-, 
Vs2\p1 V51\pe2 


Vse\nr ρι fe ρς Υι 

The fundamental theorem is also simpler, since it bears 
merely on the six functions A, By, Ae, Be, 1/n, 1/re. 


(44) 


13. A Complete System of Invariant Vectors. We proceed to 
establish the following theorem, in which we refer to the unit 
vectors in the positive directions of the lines of curvature as 
the principal vectors. 


Let n&™, re, ζ be three vectors whose components are func- 
tions of u and v, and suppose that E, E®, ¢ are unit vectors which 
form a rectangular trihedral having the same disposition as that 
of the axes. Form the quantities 


As = ri(Cu | ), Bo ΞΞ ri(C, ga ): 


= 
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and substitute them in the expressions for 0/0s:, 0/0s2, V/Vsi, 
V/Vse given in (42). Then, if the equation 
AEM AE) 


Ase As, 


(45) 


is satisfied, there exists a surface, uniquely determined to within a 
translation, whose normal vector is ¢ and whose principal vectors 
and principal radii of normal curvature are, respectively, E, E, 
and γι, 


Since equation (45) is satisfied, the equations 
(46) — = ZC), 


where 0/0s;, 0/0s2 are defined as in the theorem, are integrable. 
A surface x =x(u, v) is thus determined to within a translation. 

According to (46), the unit vector normal to this surface is ¢. 
Since, by the definitions of A;, Bi, 4.5, Be, given in the theorem, 


2 1 2 1 
- = - ξ) 4 £(2) — ¢, = — + — EC), 
Ti 72 7ι 72 
or 
δὲ -- -- i δὲ = — — 
71 ὃ52 


it follows that the surface has &, & as its principal vectors 
and 1/n, 1/re as its principal normal curvatures. 

It follows from the theorem that n&, rE, ¢ form a com- 
plete system of invariant vectors, or that the vectors &, &®, ¢ 
and the functions , 72 form a complete system of invariants, 
for a given surface. 

A similar theorem may be stated in the case of an arbitrary 
orthogonal system. Here, it is the vectors &, £’, ζ and the func- 
tions 1/r, 1/r’, 1/7 which form the complete system of in- 
variants. 


14. Integrating Factors. From §8, we have the following 
result. 


* It is assumed that mro(EVE@ ¢,¢,) >0; in particular, the case of a de- 
velopable surface is excluded. 


— = —— 
OS) 
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Conditions necessary and sufficient that m(u, v) and n(u, v) be 
respectively integrating factors of Adu+Bdv and A’du+B’'dv are 


vm vn 
0, 
Vs Vs’ 
or 
ὃ log m 1 ὃ log ἡ 1 
ὃς ρ΄ 0s’ p 


A corresponding theorem is valid in the case of the canonical 
linear differential forms A,;du+B,dv and Azdu+B2dv which, 
when equated to zero, define the lines of curvature. 

These theorems form the basis for a systematic and compre- 
hensive theory of integrating factors for the differential equa- 
tions of families of curves on the surface. They enable us, not 
only to discuss the cases in which the families of curves can be 
found by quadratures, but also to exhibit the actual integrating 
factors. 

We content ourselves with one example, that of an isometric 
system. If Adu+Bdv and A’du+B'dv have a common in- 
tegrating factor, m(u, v), then 


and conversely. But the condition of compatibility of these 
equations is 


(47) ~ (=) (=) == 
Vs\p Vs \p 
If this condition is fulfilled, m(u, v), where 


ds’ ds 


p p 


is a common integrating factor of Adu+Bdv and A’du+B'dv, 
and the finite equations of the curves C and C’ can be found by 
quadratures. 

Furthermore, if we set 


m(Adu + Bdv) = dv, m(A’du + Β' 40) = di, 


the linear element becomes 


ὃ log m 1 0 log m 1 
Os p aft p 
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1 
= —(du; + dv’), 
m? 
where 


p p 
The condition (47) that the curves C and C’ form an isometric 
system remains unaffected when ordinary derivatives are sub- 
stituted for the modified derivatives. Hence, it is essentially 
Bonnet’s condition.* 


15. Formulas of Transformation from one Orthogonal System 
to Another. It will suffice for our purposes to develop the formu- 
las of transformation from the lines of curvature Ci, C2 to an 
arbitrary orthogonal system of curves C, C’. 

Let the angle, at an arbitrary point P, from the directed 
curve Οἱ to the directed curve C, measured in the positive 
direction, be a(u, v). Then the vectors £, ξ΄ may be obtained 
from the vectors —"), &® by rotating these vectors about P in 
the tangent plane through the angle a. Thus: 


(48) 
ξ΄ = — sina + cosa. 
Since, by (29), 
( (2 


Β'ξ-ἰ Be’ 


BoE  Βιξ, 
we obtain, as the transformation οἱ A,du+B,dv, Α4..4π|-Ξ Βοάυ 
into Adu+Bdv, A’du+B'dv: 

Adu + Bdv = (A,du+ Bidz) cosa— (Aodu + sina, 


(49) 
A’du + B’dv = (A,du+ sina+ (Aodu + Bedv) cosa. 


* Condition (47) becomes, when for 1/p and 1/p’ are substituted the value 

given by (16a), 

ν ὁ va 
- ψ)"3 - — log (Aig)? = 0, 

Vs Os Vs ὃς 


This is the invariant form of the usual condition to the effect that, when the 


linear element is Edu?+Gdv, the parametric curves form an isometric system 
if and only if log(E/G) is of the form U(u)+ V(z). 


dv dity 
m = — — ---- 
“ 
ΟΥ 
ν ὃ 
log ( =(). 
Vs os Aid 
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The formulas of transformation of the ordinary directional 
derivatives are 


Ox Ox ox 
-- Ξ —cosa + —sina, 
Os Os OSe 
(50) 
Ox Ox 
— = — —sina + — cosa, 
Os Os; 52 


and those of the geodesic curvatures, 


1 da cosa sina 
ε ρ ὃς ρι pe 
(51) : 
1 θα sin@ cosa 
ρ΄ ds’ ρι p2 


These formulas are readily obtained from (30) by replacing 
A, B, A’, B’ by their values in terms of A;, Bi, As, Bo, as read 
off from (49). 

The formulas for the transformation of the modified deriva- 
tives are now readily found to be 


vx θα vx Vx. 
— cosa + —sina, 
Vs 0s’ 5: 

52) 
vx 0a VX. VXx 
—+x—- = ——sina+— cosa. 
vs’ Os ΕΣ 


It is interesting, also, to note that Euler’s formulas, 


1 cos?a sin’ 1 sin?a@ 
(53) -- = -- - ---Ξ --.-- -: — - 
r 72 r 7: 72 


and the corresponding formula for the geodesic torsion, namely, 
(54) — = —|— — — Jsin 2a, 

To 


are a direct result of our theory. 
For example, if we set for ξ' and 0¢/ds, in 


= (: 
ς 
Τ 10S 
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their values, as given by (48) and (50), in terms of &, &@, 
0¢/Os;, OF /Ose, and replace 0f/ds; and by their values 
from (43), we obtain immediately formula (54).* 

From (53) and (54) we verify that 


From these same formulas we also find the relation 


(- 1 2 
—-—) tan 2a =~, 
r γ' τ 


which defines the angle a in terms of quantities pertaining only 
to the curves C and C’. Thus, when an orthogonal system of 
curves C and C’ is given, as in $10, by its fundamental quanti- 
ties, it is possible to determine precisely the position of the 
system with reference to the lines of curvature. 

It is evident, conversely, that the foregoing formulas permit 
us to pass from the fundamental quantities A, B;, As, Be, 
1/r:, 1/re for the lines of curvature to the fundamental quanti- 
ties A, B, A’, B’, 1/r, 1/r’, 1/7 for any orthogonal system of 
curves C and C’, provided we know the angle a(u, v) under 
which the curves of this system meet the lines of curvature. 
In particular, the canonical differential equations of the curves 
C and C’ are readily found, when those of the lines of curva- 
ture are known. But the canonical differential equations of 
the lines of curvature are easily obtained, by algebraic processes. 
In fact, we have 


Ἐν 
Ι 
| | 

a 
IV 
Ι 
| | 
8 [ἢ 
- 
V 


* The general method of using directional derivatives to establish formulas 
(53) and (54) is ascribed to Enneper; see Lilienthal, Ency-lopidie der Mathe- 
matischen Wissenschaften, III D3, p. 168. 


where 


Ξ 1 1 
K=—-—.- 
rrr? 
A 
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1 1 
ΕΣ 
7ι 72 


Since 428.,-- 4.82- , we may, in extracting the square roots 
of A?, B?, A?, B?, choose only one sign at pleasure.{ The other 
three are then uniquely determined. 


16. Differential Parameters. The Significance of the Modified 
Directional Derivatives. Let us consider, first, differential para- 
meters with respect to the canonical linear forms Adu+Bdv 
and A’du+B’dv, which, when equated to zero, define an 
orthogonal system of curves on S. 

We single out two differential parameters of the first order 
with respect to these forms, namely, the derivatives of a func- 
tion ¢(u, v) in the positive directions of the curves C and C’: 


ὃς D bu as’ D Pu « oy ᾽ 


and four differential parameters of the second order: 


V V V V d¢ 


͵ ? 
Vs Os Vs’ Os Vs ds’ vs’ ds’ 


the second and third of which are identical. 

The fundamental differential parameters of the first and 
second order with respect to the linear element of the surface 
may be expressed in terms of these parameters related to the 
linear forms. We have 


0p 2 0g 2 
Os Os 


(55 Διί(φιψ) =— —+-——> 
) 
ὃφ OY ὃφ OY 
(ov) Os Os’ Os’ Os 

and 


* The cases of the sphere and the plane are excluded. 
{ Geometrically: we may fix the positive direction on the lines of curva- 
tures of one family; then that for the other family is determined. 
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a 


56) Ad π--- - --- 
Vs ὃς Vs" Os’ 


To verify these equations, we have merely to expand the 
right-hand sides, and recall that 


E=A?+A”", F=AB+A’B’, G= B+ B”. 


We are now in a position to develop on S the theory which 
is linked with the ideas of gradient, divergence, and curl, and 
to express it in an analytic form which is strikingly similar to 
that in the Cartesian plane. Let V be a vector which is defined 
at each point of S, and let the components of V with respect 
to £ and ξ΄ be Q(u, v) and Q’(u, 2), 


V 


The divergence and curl of the vector V shall be defined as the 


expressions: 


vO vQ 

Vs Vs’ 
" 
carl V = — 

Vs Vs 


In justification of the definitions, we shall show that the 
expressions in question are invariant with respect to a trans- 
formation from one orthogonal system to a second. Let the 
components of V with respect to the unit vectors &, & in the 
directions of the lines of curvature be Οἱ and Qs: 

V = + 
Using the formulas of transformation (48) of &, &® into 
£, £’, we find 

QO = Q, cosa + Qe sin a, Q’ = — Qisina + Qe cos a, 

and hence deduce, by means of the transformation (52) of the 
modified directional derivatives, the desired relations: 

+ 

Vs Vs 


VQ VO 

Vs Vs’ Vs1 VSe 
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The expressions (57) are the inner and outer products* 
of the vector operator 


δ , ἃ 
4 
Vs Vs 


with the vector V. This operator is, then, a generalization of 
the vector operator in the plane which is denoted by the same 
symbol. 

Another vector operator suggests itself, namely, 


δ ,.ὃ 
Os Os 
and this operator, too, is of value. In fact, if @(u, v) is a scalar 
function, the vector 


ὁ 
Do = πῆς 


is the gradient of φ. 


The operator D, based on ordinary directional derivatives, 
applies to functions and yields vectors,—their gradients. The 
operator VY, based on the modified directional derivatives, applies 
to vectors and yields functions,—their curls and divergence. 


This result sets forth clearly the significance of the modified 
derivatives and the relationship between them and the or- 
dinary derivatives. 

Since D applies to functions and yields vectors, and V ap- 
plies to vectors and yields functions, the two operators can be 
applied zm turn as often as one desires. 

We can, for example, apply V to the gradient D@ of a func- 
tion φ, to find its divergence and curl. 


The divergence of the gradient of $(u,v) 1s the Laplacian 


The curl of ihe gradient of o(u, v) 15 identically zero, 


* We assume hat we are dealing with two-dimensional vectors. Then 
the outer product, as well as the inner product, is a scalar. 


V V oo 
Vs Os Vs Os 
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curl Do = — — —-— —=0. 
Vs ds’ Os 
Conversely, if the curl of a vector vanishes identically, the vector 
is the gradient of a function. 

These results are, of course, direct generalizations of classical 
theorems in the Cartesian plane. 

Since the gradients Dg¢, Dy of two invariant functions are 
invariant vectors, their inner and outer products are invariant 
functions. In fact, according to (55), these products are the 
differential parameters of the first order of ¢, Ψ with respect 
to the linear element. On the other hand, the divergence of 
Dé is Διφ. 

All the differential parameters, with respect to the linear ele- 
ment, of a given set of functions result from the operations of inner 
and outer multiplication, together with the operation of finding 
divergence, applied to the gradients of the given functions and all 
functions derived from them by these operations. 

The process of finding the divergence is simply that of inner 
multiplication by the operator V. Hence, we have reduced the 
operations necessary to obtain the differential parameters with 
respect to the linear element to ordinary inner and outer mul- 
tiplication of two-dimensional vectors, supplemented by the 
two types of differentiation. 


17. The Geodesic Curvature Vector. The vector whose com- 
ponents in the directions of the curves of an orthogonal sys- 
tem to which the surface is referred are the geodesic curvatures 
of these curves shall be called the geodesic curvature vector 
associated with the orthogonal system. Thus, 


1 1 
Γοιο, = —EY + 
ρι pe 


is the geodesic curvature vector associated with the lines of 
curvature, and 


’ 1 1 , 
reg Σ + 
p p 


is that associated with the general orthogonal system consisting 
of the curves C, C’. 


Ι 
| 
| 
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These two geodesic curvature vectors are not, in general, 
the same. As a matter of fact, we have 


Tec’ = Te,c. + Da, 


where Da is the gradient of the angle a under which the system 
of curves C, C’ cuts the lines of curvature. 

On the other hand, since the curl of the gradient of a func- 
tion vanishes; 


curl Tec’ = curl I'c,c,- 


The common value of these curls is, by (40), the negative of 
the total curvature of the surface. 

The curl of the geodesic curvature vector is the same for every 
orthogonal system of curves, and is equal to the negative of the total 
curvature of the surface. 

It follows that a surface is a developable if and only if an 
arbitrarily chosen geodesic curvature vector is the gradient of a 
function. 


HARVARD UNIVERSITY 
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THE RATIONALITY OF CERTAIN 
CONTINUOUS CURVES 


BY G. T. WHYBURN 


1. Introduction. In this paper we establish the following 
theorem. 


THEOREM. Every plane continuous curve M every subcontinuum 
of which is a continuous curve is a rational curve.t 

We first state two lemmas, both of which are very easy to 
prove. 


LemMA 1. In order that any continuous curve M should be a 
rational curve it is necessary and sufficient that every maximal 
cyclic curve of M be a rational curve. 


Lemma 2. If P is any point of a plane continuous curve M, 
every subcontinuum of which is a continuous curve, then there 
exists a continuous curve M*, also every subcontinuum of whtch ts 
a continuous curve, which contains M and such that P ts on the 
boundary of ne complementary domain of M*. 


The necessity of the condition in Lemma 1 is obvious. The 
sufficiency is established by the following steps: (a) a con- 
tinuum MM is a rational curve if and only if every two points 
A and B of M can be separated in M by a countable subset of M. 
(Menger, loc. cit., proves this where A and B are closed sets; 
a simple application of the Lindeléf Theorem suffices to prove 
the part not included in Menger’s theorem); (b) if two points 
A and B of a continuous curve M lying together in a maximal 
cyclic curve C of M are separated in C by a closed subset K of C, 
then K also separates A and B in M, (because if not, then A 
and B lie together in a component H of M—K, and since H-C 


ΤᾺ Acontinuum M is said to be a rational curve if each point of M is con- 
tained in arbitrarily small neighborhoods in M with countable boundaries 
(see K. Menger, Grundziige einer Theorie der Kurven, Mathematische Annalen, 
vol. 95 (1925), p. 277); or, in other words, for each point P of M and each 
«>0, P can be e-separated in M by a countable subset of M (see P. Urysohn, 
Mémoire sur les multiplicités Cantoriennes, ΠῚ Verhandelingen der Akademie 
Amsterdam, vol. 13, No. 4). 
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is connected and contains A+B, this contradicts the assump- 
tion that K separates A and B in C); (c) if two points A and B 
of a continuous curve M do not lie together in a maximal 
cyclic curve of M, there exists at least one point of M which 
separates A and B in M. Under our hypothesis it follows by 
(b) and (c) that every two points of M can be separated in 
M by a countable subset of M; and hence, by (a), M is a 
rational curve. Lemma 2 is readily established by constructing, 
in each complementary domain D of M having the given point 
P on its boundary, a sequence of arc-crosscuts converging to P 
such that P is a limit point of no single component of D minus 
the sum of these crosscuts, and these are added to M to 
form M*. 


2. Proof of the Theorem. Let P be any point of M and ε any 
positive number. By Lemma 1 we may assume Μ to be cyclicly 
connected. And by Lemma 2, we may assume, also without loss 
of generality, that P is on the boundary of no complementary 
domain of M; for if this is not the case, we consider the curve 
ΜῈ and show that M* is rational at P; and then since M*> M, 
it follows that M also is rational at P. By a theorem of the 
author’st there exists a simple closed curve J of diameter 
<e/4 enclosing P and such that if K denotes the sum of the 
boundaries of all those complementary domains of M each of 
which has a boundary point on J, then J¢ K and 6(K) <e/4. 
Since K is a subcontinuum of M, it must be a continuous curve. 
Let C be the maximal cyclic curve of K containing J, and let 
B be the boundary of the complementary domain of C which 
contains P. Let [1,], i=1, 2, 3, --- be the collection of com- 
plementary domains of M such that if, for each 7, J; denotes the 
boundary of J; then J; belongs to K and contains at least one 
point of B. Then since B c K and every point of Καὶ is a boundary 
point of at least one complementary domain of M, therefore 
Bc); J;. Since C and M are cyclicly connected, thereforet 
each of the curves B, Ji, Jz, J3,--- is a simple closed curve. 
Now since B c M, it follows that, for each 7, the interior J; of J; 


+ Concerning the complementary domains of continua, Annals of Mathe- 
matics, vol. 29 (1928), pp. 399-411, Theorem 18. 

t G. T. Whyburn, Cyclicly connected continuous curves, Proceedings of the 
National Academy of Sciences, vol. 13 (1927), pp. 31-38, Theorem 10. 
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lies either wholly within or wholly without B; and if, for any 2, 
I; lies within B, then B- J; consists of exactly one point. Thus 
if we divide the curves of the collection [J;] into two classes 
G, and Gz such that, for each z, J; belongs to G, or to Gz accord- 
ing as B- J; consists of a single point or of more than one point, 
then the interior of every curve of G2 lies wholly without B. 

Now let Q be a point at a distance Ξε from P. Then Q is 
without every one of the curves B, J;, J2,---. Let Jn, Jny* τ 
be those curves of class Gz each of which contains a point A,,; 
which is accessible from Q by an arc having only A,; in common 
with >-J;. For each i, let X; and Y; be the boundary points of 
the component of J,,—J,,;-B which contains A,;. For each 2, 
I,;+X;+ Y; contains an arc Τὶ from X; to Y;. Let H denote 
the closed point set ΣΤ. Then clearly H¢>>7;+B. Now if 
E is any point of H not in ΣΤ; it is easily seen that E must be 
accessible from Q by an arc having only E in common with 
>°J;. And since E belongs to no arc T;, clearly it can then 
belong to no curve of class Gz. Hence it must belong to a curve 
of class G,;; and thus there exists an integer 7 such that E=B-J;. 
Therefore the set of all such points [E] is countable; and since, 
for each 7, 7;-M=X;+ Yj, it follows that H-M is countable. 

Now let Z be any point at a distance 2¢ from P. Then Z and 
Q lie in the same complementary domain of H, since H lies in a 
circle with center P and radius ε.2. However, the set H must 
separate P and Z. For if not, there exists an arc ZP from Z to 
P with H-ZP=Z. Let V be the first point on ZP, in the order 
from Z to P, which belongs to B. Since ZV—V contains no 
point of any of the arcs T;, it follows that V is accessible from Q 
and belongs to no curve of class Gz. But since the set of all 
such points of B is countable, it is readily seen that every such 
point is a limit point of ΣΤ and hence belongs to H, contrary 
to supposition. Thus 1] ¢-separates P in the plane, and since 
H- M is countable it follows that M is rational at P, and thus 
our theorem is established. 

In conclusion I will remark that the above proof depends very 
sharply upon properties of the plane, and I do not know whether 
or not the theorem is true in a space of more dimensions, but 
would be very much interested in a solution for such a space. 


Joun Stmon GUGGENHEIM MEMORIAL FOUNDATION 
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NOTE ON RULED SURFACES AND THEIR 
DEVELOPABLES* 
BY A. F. CARPENTER 
If a plane 7, ‘whose coordinates x, λ, μ, v, are functions of the 
independent variable x in the system of differential equations 
(1) + prez’ + quy + 425 = 0, 
2’ + pay’ + gay + 4:25 = 0, 


defining a ruled surface R, is to be fixed relative to R, then must 
these coordinates satisfy the relations 

2x’ = nk — pidrttuy, 

2λ' = — pox +m Ἐν, 

2μ' = (piper — 4φιιὴκ + ne — 

2v’ = (Pieper — 4422)λ — pom + ἢν, 


(2) 


where ἡ is an arbitrary function of x. 
The pole of this plane with respect to the quadric Q, 


(3) XOX3 = 0, 


which osculates R along a line element /,. is given by the 
expression 


(4) 6 = vy — wz — Ap + κα 
where 
(5) p = 2γ' + pz, o = 22’ + pay, 


and the point which corresponds to πὶ in the null-system of 
the linear complex which osculates R along /,. is given by the 
expression 


(6) = — pomy + pie + poixp — βιαλσ. 


* Presented to the Society, June 20, 1930. 
7 Carpenter, Some fundamental relations in the projective differential geome- 
try of ruled surfaces, Annali di Matematica, (3), vol. 26. 
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The equations of the quadrics Q;, Q2, which osculate the two 
branches of R’s flecnode surface along those line elements 
which intersect /,., are 


0, 
0, 


ll 


(8) xix, X2X3) 2qx3" 


where — G22. 
The poles of « with respect to these two quadrics are given 
respectively by the expressions 


(9) 0; = (4φκ + pisv)¥ — — pistp + 
(10) = + (4gd — — + ῥεικσ 


4qxy + pio, 
4qdz + pod. 


From (9) and (10) it results that the lines 1g,, ls, pass 
through the respective points y, z and hence that the plane z, 
determined by these three points, contains /,.. Its equation is 
found to be 


(11) kx3 + Ax, = 0. 
The one-parameter family of planes πὶ, one for each line 


element of R, determines a developable surface. The genera- 
tors of this surface are the lines ἴα where 


(12) a= hy — κΖ 


is the point of intersection of plane x with /,.. This we show 
by finding the characteristic line of plane 7. 

By making use of conditions (2) the equation of the plane 
determined by the points 0:+d0;, is found to be 
(13) φᾳἰκῖλχι + κλῆχ; — (Ζκὰμ + x3 — (2Ζκὰν + A2u) x4] dx 

-- (3φκλη -- = Progr? +rx4) =(. 
From (11) and (13) we find that this characteristic line is 
determined by the pair of planes 

κλχι + Kh? x2 — κ(2ὰλμ + — λίδάν + Ap) x4 = 0, 
KX3 + AX4 = 0. ν 
The points a, θ are seen to lie in both planes. 
Again, by making use of (2), we find 


E 


σι 
ἴω 
“I 
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(14) 249’ + — + — φ(Βη + 4C)p = 0, 
(15) 240’ — ἀφκλα' — (An + 24κᾺ)θ + 2q(krAn + xv + λμ)α = 0, 
where 
= βιῶφει — page, A κν --λμ, B= — pid’, 
C = φεικξ — φιοελ΄. 


Equation (14) expresses the condition that the line J, shall 
generate a developable. Equation (15) is the similar condition 
for 

The focal points of these respective lines are seen to be 


(16) B = pA@+ qBo, vy = A@ — 2ᾳφκλα. 


Combining the above results we may state the following 
theorem. 


THEOREM 1. Each plane π fixed in position with respect to a 
ruled surface R determines with R two developable surfaces. One 
cuts w in the curve of intersection of x and Κα, the other cuts x 
in a curve whose points are those which correspond to x in the 
null-systems of the osculating linear complexes of R, and they 
intersect each other in a curve whose points are the poles of π 
with respect to the quadrics which osculate R along its line elements. 


The plane 7; is tangent to Q at the point a, and its null- 
point as determined by the linear complex osculating R along 
lyz is given by the expression 


(17) Kfoay — Api2z. 


This point is on the line /,, and is in fact the point of intersec- 
tion of and /s,6,, since 


4q(kpory — Api2z) = padi — ῥι:θ:. 
The equation of the plane of the points 9, ¢, 4; is 
— prAx3 + = 0, 
where D = puxu— pdr. Its pole with respect to Q is given by 
(18) Dy + pwAz — Bp 
and its null-point by 


(19) puAdy + Dz — Be. 


= 
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The equation of the plane of the points 0, φ, 42 is 
Bx, + ας — puAx, = 0. 
Its pole with respect to Q is given by 
(20) buAy + Dz — Bo 
and its null-point by 
(21) Dy + — Bp. 


In view of (18), (19), (20), (21) we may state the following 
theorem. 


THEOREM 2. The polar reciprocal of the line le, with respect 
to Q is identical with its polar reciprocal as determined by the 
linear complex osculating R along l,:. 


The equation of the plane of the points ¢, 4;, 2, is 
Βίριολχι + — ῥιε[(βεικξ + — 2ῥεικὰμ + | x5 
+ + — Ζριακὰν — ἀφκῖλ]χς = 0, 
the null-point of this plane is given by 
[(poik? + — 2Ζρεικὰμ + ]y 
+ [(poix? + — Ζριεκὰν — + Βί(λρ — xo), 
and this expression, when multiplied by 24, becomes 
(2gd? + — (2qx? + pi2A)Oe. 


Moreover the coordinates of this null-point satisfy the equa- 
tion 


καὶ + λας + + vx, = O, 
of the plane 7. We have thus the following theorem. 


THEOREM 3. The null-point of the plane determined by the null- 
point of x and x’s two poles with respect Q; and Qe, lies on the 
line lo,e, at the point where it cuts 7. 


Many other interesting properties of this tetrahedron 8, φ, 
θι, 62, determined by π and Καὶ, can be obtained by methods sim- 
ilar to the above. 


THE UNIVERSITY OF WASHINGTON 


1930.] SEQUENCES OF CONTINUOUS FUNCTIONS 529 


ON UNIFORM SUMMABILITY OF SEQUENCES 
OF CONTINUOUS FUNCTIONS* 


BY ΒΕ. P. AGNEW 


In a paper by D. C. Gillespie and W. A. Hurwitz,7 it was 
shown that any bounded real sequence {s,(x)} of continuous 
functions, defined over a closed compact set A in a metric 
space, which converges over A to a continuous function s(x), 
is uniformly summable to s(x) by a regular transformation. 
The transformations used were transformations with square 
matrices which were constructed in terms of the elements of 
the {s,(x)} sequences considered; hence different transforma- 
tions were used to effect the uniform summability of different 
sequences. In §8 the question was raised as to whether some 
restricted class of regular transformations of a familiar type 
might serve for the uniform summability of all sequences of 
the class considered; the question was partially answered by 
exhibiting a single sequence for which the Cesaro, Euler-Abel, 
and Borel transformations will not suffice. It is the object of 
this note to show that also no one regular transformation what- 
ever of the general form considered below will suffice. 

Nearly every transformation that has been considered in 
the theory of summabilityf is a special case of the following one. 
Let Τ᾽ and A be sets in metric spaces, let T have a limit point 
to not belonging to 7, and let the functions a,;(t), =1, 2, 3, - - - 
be defined over 7. Then if a sequence {s,(x)}, defined over A, 
is such that 


o(t, x) = 


converges for all ¢ in T and x in A and if 


* Presented to the Society, April 18, 1930. 

+ Transactions of the American Mathematical Society, vol. 32 (1930), 
pp. 527-543. 

1 For a bibliography of the subject, see L. L. Smail, History and Synopsis 
of the Theory of Summable Infinite Processes, University of Oregon Press, 
1925. 
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(1) lim o(t, x) = o(x), 
tote(T) 
the sequence {s,(x)} is said to be summable (6) to a(x); if 
the limit is approached uniformly with respect to x in (1), 
then {s,(x)} is said to be uniformly summable (G) to a(x). 
The answer to the question we are considering is contained 
in the following theorem. 


THEOREM 1. In order that (T) may be such that 


(2) lim o(t, x) = 0, uniformly with respect to x 
t+tg(T) 

for every sequence { sn(x) } of continuous functions, defined over 

an infinite set A, such that s,(x) ts bounded over A for all n and 

limi n .2Sn(x) =O over A, it is necessary and sufficient that* 


(3) lm )>| a(é)| Ξ 0. 

toto(T) kal 

To establish necessity, let (G) be a given transformation 
which implies (2) for every admissible sequence {s,(x)}. Con- 
sidering, for each positive integer k, the sequence s,(x) =0, 
nk, and s.(x) =1, we see that (G) must satisfy the condition 
(4) foreach k, lim a;,(t) = 0. 
t+tg(T) 

We shall show that (3) is a necessary condition by supposing 
that (G) satisfies (4) but not (3) and defining an admissible 
sequence }s,(x)} for which (2) fails. Since (3) is denied there 
is a number @>0 such that 

lim sup >>| a:(é)| > 6; 

toig'(T) kal 
hence there is a sequence {tn} of points of 7 with the limit to 
such that 


(5) lim sup >>| ακ((,}} > 


k=1 


Using (5), choose an index m such that 


* A transformation (G) which satisfies (3) is not regular; it is a null trans- 
formation 


= 
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| | > 0 
k=1 
and choose Ni such that 
Ν, 
D | | > 3. 
k=1 
Using (4) and (5), choose m2> NM, such that 
Νι 
> | | « 0/2 for = mz and ax(t,,)| > 4, 
k=1 


k=1 


and choose Nz> such that 


N2 
| ax(tny) | > 6. 
k=1 


Proceeding in this manner, choose 
such that for p=2, 3, 4, --- 


N 


Np-1 Np 
| ax(ta) | < 9/2 fora =n,and >>| ax(t,,)| > 4. 
k=1 k=1 
Then, defining N»=0, we have 
Np 4 
(6) ax(tn,) | p = ile 2; 
k=Ny-1+1 2 


Let {x,} be a sequence of distinct points of A such that no 
point of {x,} is a limit point of {x,}. Then corresponding to 
each point x, of {x,} there is a positive number 7, such that 
r(x», Xq) >2r,* for g¥p; let the set of points x of A for which 
r(x»,x)<r, be denoted by A,. Then Ai, Az, 4:,- - - are 
mutually exclusive subsets of A. Define the sequence {s,(x) } 
over A as follows: For k such that N,1<kZWN, and for 
p=1, 2, 3,--- 


[1 — r(xp, x)/rp|sgn ax(t,,) over Ap, 
= 


0 over A — A>. 


* r(a;, az) is used to denote the distance between two points a, and az 
of A. 
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It is readily seen that s,(x) is continuous over A for each n, 
s,(x) is bounded over A for all m and lim s,(x)=0 over A; 


hence {s,(x)} is an admissible sequence. But for each index p 


sgn az(t,,) for Np1 « k SN», 
0 for kSN,1 and k 


= 


and hence for each index p 


Np Np 


o(tn,, Xp) = Dy ae(tn,) Sgn ac(tn,) = | acltn,) | 


k=Np-1+1 k=Np-141 
Using (6) and the preceding relation we obtain 


lim sup o(tn,, Xp) 2 0/2; 


»-"Ὁ 


thus (2) is denied and the necessity of (3) is established. 
The sufficiency of (3) is readily established by proving the 
following theorem. 


THEOREM 2. In order that (G) may be such that (2) is implied 
for every bounded sequence of functions, (3) is sufficient. 


Let (G) satisfy (3) and let M be a constant such that |sn(x) | 
<M over A for all πη. Then 


lot, x)|S Ξ al) | 
k=1 k=1 


and (2) follows. 


CORNELL UNIVERSITY 
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ON CERTAIN RULED HYPERSURFACES 
OF ORDER k—-1 IN r-SPACE 


BY B. C. WONG 
This note proposes to prove the following theorem. 


THEOREM 1. The locus of the lines incident with k given linear 


mutually skew sub-spaces of dimensions ty, to,---, tr, respec- 
tively, in r-space such that 

(1) 

and 

(2) 


is a hypersurface of order k—1. 


As an immediate consequence of this theorem we have the 
following. 


THEOREM 2. The order of the ruled hypersurface whose gene- 
rators have simple incidence with each of k varteties of orders 


Ne, and dimensions te,---, te respectively in 
r-space where r, k, ti, etc., satisfy (1) and (2) is (R—1)m, m2 - - - ny. 
The case for which k=r and tt=h=--- =t,=r—2 is 


known.* Thus, if k=r=3 and h=t2=t;=1, we have a ruled 
surface of order 2m:m2n3 whose rulings meet three curves of 
orders 212, 13 respectively in 3-space.t| The theorems stated 
above include all the cases for which 2<k<r. Thus, if k=4, 
the locus of the lines incident with four sub-spaces of appro- 
priate dimensions in r-space is always a cubic hypersurface. 
We need prove Theorem 1 only, since Theorem 2 follows from 
it immediately. 

To avoid too complicated a system of notations we use {x} 
in place of S, to designate an x-space. Then the given k sub- 


* Segre, Encycklopidie der Mathematischen Wissenschaften, vol. III 
C7, pp. 815, 832. Also B. C. Wong, On a certain system of r—2 lines in r-space, 
and On the loci of the lines incident with k (r—2)-spaces in S,, this Bulletin, 
vol. 34 (1928), pp. 553-554, and pp. 715-717. 

¢ Salmon, Analytic Geometry of Three Dimensions, 5th ed., vol. II, 8467. 
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spaces of dimensions h, fz, ---, t will be denoted by {μι}, 
---, respectively. 

Let N be the order of the hypersurface V}_; in r-space 
satisfying the conditions imposed. We are to prove 


=k-1. 


A (t:+1)-space {4,+1} passing through meets the other 
k—1 sub-spaces }t;} in the spaces where 
[1-- 2, 3,---,k]. The lines which meet {#;/} form a i in 
+1} which together with constitutes the intersection 
of and V%,. Now a (te’+1)-space {te’+1} [με΄ 
Ε1 passing through {{2΄} and belonging to {Δ-Ὲ1} 
meets the other k—2 #,’-spaces οἵ {4+1} in the spaces {t,’’} 
where ι" This { te’ +1} 
meets V;~' in {f2’} and aV;\~ which is the locus of the lines 
incident with the spaces {1} 

We have so far gone through two steps in the reasoning. 
Continuing this process, we soon arrive at the jth step that a 
passing through where 


=t+te+ and belonging to {1519} 
meets the other (t-»)-spaces of {4732} in the spaces 
where t®=h+te+ --- [i=j+1, 
j+2,---,k]. The locus of the lines meeting {10} is a 


where G-) in {m+1} = G-D 44}, This and 
ἔῃ} τε ἔτ} form the complete intersection of {m+1} with 
y “! where η΄ τὸ 7: which is supposed to have been ob- 
tained in the (j—1)th step. 

Now let j=k—2. We havea 1} or {7} [T = th +1 
=2r—2—f,—t,-; on account of (2)] passing through | T-1} 
and belonging to ea} Ww hich meets the other aa spaces 
and of {485°} in the spaces {7’} and {T’’} 
respectively where 


and 

7 -- --,Ῥ 2 -- ἐκ..1. 
The locus of lines incident with {7’} and {7’’} is a Vz=f? 
in } 7}. Since the locus of lines meeting two sub-spaces {m}, 


1930.] GENERALIZED DIVISION ALGEBRAS 535 


{nz} of {n} such that n=m+n24+2 is an {n—1}, the 
isa {T—1} in {7}, for T=T’+7''+2. Hence, we have 


N-—-k+2=1, 
or 
N=k-—1, 
which was to be proved. 
It is about impossible to state generally any proposition con- 
cerning the properties of the hypersurfaces of this type. The 
properties of some of them can be obtained readily. 
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A NECESSARY AND SUFFICIENT CONDITION FOR 
THE NON-EQUIVALENCE OF ANY TWO 
RATIONAL GENERALIZED QUATERNION 

DIVISION ALGEBRAS* 


BY A. A. ALBERT 


Two algebras δ΄ and % over the same field F are called 
equivalent (or simply isomorphic) if it is possible to establish 
between their quantities a (1-1) correspondence such that if 
any quantities x and y of ϑί correspond to X and Y of %, then 
x+y, xy and ax correspond to X+ Y, X Y, aX respectively for 
every a of F. We shall consider two generalized quaternion 
division algebrast ϑί and % over the field of all rational numbers, 
R. Let & be given by 


(1) = = pre, = ore, fiti = — taiji, 
where 6 is the modulus of 3, and p,; and σι are in Κα. Without 
loss of generality p; and σι may be taken to be each products of 


distinct rational prime integers. 
Similarly let 


(2) = I? = J? = o2E, Jil, ΒΞ IJ, 


* Presented to the Society, February 22, 1930. 
+ For the definition and properties of these algebras see L. E. Dickson, 
Algebren und ihre Zahlentheorie, pp. 46-49. 
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where p2 and σς are each products of distinct rational prime 
integers, and E is the modulus of 8. Without loss of generality 
we may take o2<0 since one of p2,02,—p2e2 is negative and by 
changing the roles of J;, J:, J; J: we may take a2 to be the nega- 
tive number. The rank equation of % is known (loc. cit.) to be 


(3) w? — 2aw + (a? — αὖρι — αὖσι + ay o1p1) = 0, 
where the general quantity of ϑί is x=as+anti+a2jitashiji. 
We have obviously the following property 


LemMaA 1. A quantity x which is not a rational multiple of 
e has a rational multiple of e as its square if and only if 


(4) X = αιἷι + α971 + astifi, 

in which case 

(5) x? = + — αὔσιρι)ε. 
Consider the form 

(6) = ar pi + avo; — αξσιρι = a? pe = az oo. 


The signs of pi, σι and —pio; are the same if and only if ρι <0, 
o,<0. But we have taken o2<0, whence —o2>0 and has a sign 
different from that of p:<0. The signs of the coefficients of g are 
therefore not all alike and they are all different from zero when 
% and & are division algebras. But every indefinite quadratic 
form in five variables is a null form* so that there exist integers 
a, ἂς, not all zero, for which g=0. Let a22,---, 
be any set of integer solutions of g=0. The quantity p’ Ξεαῖ,ρ: 
-Ἐα-ἦσς is a rational integer equal to —aj301p1. 
The quantities 


= αιοῖν + G22) 1 + Q3211)1, 1 = + 


have the properties that 


= ve. (1’)? = p’'E. 
Since aie, - - -,@s52 are not all zero,z’ and J’ are not both zero 


quantities. Hence p’¥0. But % and % are division algebras 


* A theorem of A. Meyer, Vierteljahrschrift der Naturforschenden Gesell- 
schaft in Ziirich, vol. 29 (1884), pp. 209-222; see also Bachmann, Zahlentheorie, 
vol. IV;, p. 266. 
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so that 7’~0e, I'*OE. If we write p’=pz?, where p and z are 
integers and p is a product of distinct primes, then, by replac- 
ing thea,2(r=1,--- ,5) byan=x,2/m, we replacei’ by i=1'/z, 
I’ by I=I'/x and p’ by p. 


LemMA 2. There exist rational numbers ay, 2, with 
O11, 21, Hs; not all zero and a4, as, not both zero, such that if 


(7) i= + + + 1, 
then 

(8) i? = pe, 1? = pE, p = t+ αἶισ;, 
where p is a product of distinct rational prime integers. 


Write Then obviously JJ=—JJ and J?=6E, ὃ in 
R. By replacing J by a rational multiple of itself we may ob- 
viously take 6 a product of distinct primes. If a2 =a3,=0, then 
by writing j7=j:, we have ji= and with y in R. If 
Qo; and a3; are not both zero, then let 


whence j? = —o1p:(a3, = ye with γ in R. 
Using the multiplication table of &, we find 
(10) 31011p111)1 + 0310219101 — αιρβιῖι 
2 
— — 210319101 


(2101 = 06311) ty — 031021P1J1 — 


while 
(ατιαξιριῖι}ι + 11021P1J1 — 210111 + 0031910111) 
Hence ji = —7j and in all cases j is not a polynomial in ὁ with 


rational coefficients. It follows that e¢,i,j,ij are linearly inde- 
pendent with respect to R and form a basis of ϑί. Similarly 
E,I,J,IJ are linearly independent with respect to R and form 
a basis of algebra ὃ. 


. 
— 


ww 
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THEOREM 1. By finding a single solution of a solvable diophan- 
line equation we may represent any pair of generalized quaternion 
division algebras in the canonical form 


(12) % = (e,i,j,ij), 12. = pe, j? = ye, ji = — ij, 
(13) B =(E£,/,J,1J), I? = pE, J? 


with e and E respectively the moduli of A and B, where p, y and 
ὃ are multiplication constants expressed in terms of the original 
multiplication constants of A and B and the above solution, and 
where, without loss of generality, p, y, ὃ may be taken to be pro- 
ducts of distinct rational primes. 


We shall now discuss a necessary and sufficient condition 
that any two generalized quaternion division algebras ϑί and 
B be equivalent. We take the pair in the canonical form (12), 
(13). Suppose that % and % are equivalent so that there exists 
a (1-1) correspondence between the quantities of A and Ὁ 
which is preserved under addition, multiplication and scalar 
multiplication. The modulus e of % will correspond to the modu- 
lus E of B. Let s in ϑί correspond to J, and ¢ correspond to J: 
Then s*= pe, and ts = —st. But, by Lemma 1, 


(14) s = yi + dof + Asif 

so that 

(15) 55 = (λῦ + — AP yp)e = pe, 
and 

(16) + — AP yp = ρ, 


for rational λι, Xe, As. Let first \2and ἃς be not both zero. Then if 


(17) ty = Aspj + λοῖ), 
we have = and 
(18) t? = (dsp)? = Zp]. 


For we may evidently use here the proof (10), (11) by which we 
showed that j7i=—ij. But ts=—st, so that tst'=hst;" and 
(ty t)s(t =s. It follows that is a polynomial in 5 and 
we may write 


Ξ 
= 
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(19) t = + (ξι and in R). 


Then = (ξιῖ - ξ22ρ) lye. Write 
m= ξι(λ2ρ) = ξιλ2- ξ2(λ2ρ), so that ηι and 72 are rational 
numbers. Then we have proved that, when dz and ἃ; are not 
both zero, 


(20) ὃ = (n? — ηξρ)Ύ. 


Next let We have s=Ayz and so that 
λιξεῖ, s=7z. We then take and have ἐιἶξεγε. As before 
t= (&,e+£&s)t; and, if we write ηι Ξε ξι, n2=£2, we again have (20). 

Conversely let (20) be true. Then % and % are equivalent 
under the correspondence 


(21) re + μεῖ + μεῖ + με ~ wi E + pol + μ:. + wal J, 


where μὲ, τ, με are independent variables in R and 
t=(me+nei)j. For ®=pe, P=pE, f=be, t= —it, 
.1- -- 177. 


THEOREM 2. Let A and B be any two generalized quaternion 
division algebras over R. Then they are equivalent* if and only τ, 
when they are put in a canonical form (12), (13), we have 


(20) ὃ = (n? — n2p)y 
for rational ηι and np. 


Necessary and sufficient conditions that (20) be true are 
known. Let the greatest common divisor of y and ὃ be ν so that 
γδτενῖε, where ε is a product of distinct primes. Then (20) is 
true if and only if 


(22) «= 7x — = 0 
for rational 73, ms. Let the greatest common divisor of ε and 
p bez so that e=e’x, p=p’x. Then (20) is true if and only if 


(23) εἰ = πηῷ — 


* Any generalized quaternion algebra % is self-reciprocal under the 
correspondence given by i~i, j~j, ij~ji. Hence we may add the word 
“reciprocal” to the above. 
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for rational yn; and m, where now e’,z,p’ and e’xp’ are each pro- 
ducts of distinct primes. Then (20) is true if and only if 


(24) -- pe? 62 =0 


for integer θι, 62, 83; not all zero. For when (20) is satisfied so is 
(24) when we write 7;=9,/03, 7s=02/03 with integer 41, 02, 43. 
Conversely let (24) be satisfied for integer 4;, 42, 83 not all zero. 
If 6;=0 then 762 —p’0?2 =0, zp’ =p, so that (70,)?—p02 =0 con- 
trary to the hypothesis that % is a division algebra and hence p 
is not a rational square. It follows from our definitions of 
e’, x, ρ΄ that when (23) is satisfied so is (20). But (23) is satisfied 
by 75 ns=02/03. Hence (20) can be satisfied by rational 
m1, ἢ: if and only if the form in (24) is a null form. Using a 
known result of the theory of numbers*, we have the theorem: 

THEOREM 3. Let yi=v’e where v and € are integers and ε is a 
product of distinct primes. Let the greatest common divisor of ε and 
p be x so that p=p'n, €=e'x. Then two division algebras XA and B 
in a canonical form (12), (13) are equivalent if and only if 


(25) —e’p’ is a quadratic residue of π, 
(26) € is a quadratic residue of p’, 
(27) p is a quadratic residue of ε΄. 


As a corollary of Theorem 2 we shall establish the non- 
equivalence of any two of the D, algebras of L. E. Dickson (loc. cit., 
Chapter IX) which have different t's. The D, algebras have 
p= -—1 and y=r7 taken to be a product of distinct primes of the 
form 4n+3. Let D,, and D,, be two such algebras with 71472. 
Then t2#+(n2+7#?)71 since otherwise we would have 727: ex- 
pressible as a sum of two rational squares which is impossible 
when 727; contains a prime factor 4n+3 to an odd power. 
Hence. by Theorem 2, D,, and D,, are non-equivalent. 


Co_uMBIA UNIVERSITY. 


* See P. Bachmann, Arithmetik der Quadratischen Formen, Chapter 8. 


= 
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GEODESIC COORDINATES OF ORDER r* 
BY A. D. MICHAL 


1. Introduction. Let Ἐπ be a general symmetric affine 
connection{ and Tj,s,...8,, (7 ΞΞ3,- --, p), the sequence of the 
first p— 2 generalized symmetric affine connections defined byt 


) 
αβγΥ = 3 ax? cal By 


and in general by the recurrence formula 


The law of transformation of the affine connection IJ, is, 
as is well known, 


while the generalized affine connections transform in accordance 
with the law§ 


where the [ | denotes the sum of terms, each of which involves 
a component T;..., with less than p subscripts, that vanish 


2. Fundamental Theorems. 


* Presented to the Society, December 30, 1929. 

¢ We assume that the reader is conversant with the tensor theory as pre- 
sented by O. Veblen in his Invariants of Quadratic Differential Forms, Cam- 
bridge Tract, 1927. 

10. Veblen and T. Y. Thomas, Transactions of this Society, vol. 25 (1923), 
p. 561. 

§ T. Y. Thomas, American Journal Mathematics, vol. 50 (1928), p. 
518. 


= 
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THEOREM 1. A necessary and sufficient condition that a co- 
ordinate system y‘ determined by a coordinate system x‘ and a 
point x'=q' as origin have the property that Tis, Tis,,-°--, 
Tuay---~ all vanish at the origin y'=0 when evaluated in the νἱ 
system of coordinates is that 


δ᾽ χ' Ox" 
dy7d dy* dy? 
(1) 
xi Ox* ὃν" Ox” Ox? 
= — — — —---—) 
yay? ay’ Oy Oy? ay? 
for x'=q' 


If a star over a function denotes the evaluation of that 
function in the preferred system ν΄, we obviously have 


= — 
dy’ dy* δγαδγδ᾽ 
(2) 
oy? Ox! Γ' 0? x! 
ay? aye ay 5 


where the | | on the right hand side of (2) denotes the sum of 
terms, each of which involves a component *Ij..., with less 
than p subscripts, that vanish with It is 
obvious now from (2) that a necessary and sufficient condition 
that 

(*T'as)o = 0, (*Tasy)o = 0,---, (*Tag---s)o = 0 


is that conditions (1) hold at the origin x‘ Ξε αἰ. 
DEFINITION. A coordinate system ν᾽ for which 
will be called a geodesic coordinate system of order r. 


THEOREM 2. A geodesic coordinate system ν᾽ of order r for 
which 


= 
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Ox? 
Oy? 0 


is defined implicitly by the coordinate transformation 
(3) 


— ——— « yr + pi(y) 
(r+ 
where Ψὶ is a regular power series* in ν᾽ which begins with powers 
of y' at least as great as r+2. 

Successive differentiations of (3) and evaluations for y'=0 
together with an application of Theorem 1 establishes our 
theorem. 

From now on we shall deal exclusively with geodesic coordi- 
nate systems of the particular type considered in Theorem 2. 


THEOREM 3. Jf 
αὶ = Sie, x”) 
is an arbitrary analytic transformation of the coordinates x’, 


then any two geodesic coordinate systems of order r, y' and ¥’, 
with the same origin x'=q', that are determined by (3) and 


1 
respectively, are related by the transformation 
εὰ 
- γα + 
Ox*}« 


where \‘ 1s a power series in y* that begins with powers of γα not 
less than r+2. 


To prove this theorem we observe first that 


* We shall understand that y‘=0 is an admissible case. 
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(5) 


On solving the equations (3) for ν΄ in the neighborhood of 
χ᾽ Ξ we obtain 


yi = χ' -- git hi 


where the hf‘ are power series in x'—gq‘ beginning with the 
second degree terms in x‘—g'. Similarly 


(6) j= ki 


where k‘ involves terms in Z'—g‘ of higher order than the 
first. Hence, evaluating (5) at the common origin of the pre- 
ferred coordinate systems y‘ and γ΄, we obtain 


ay 81: 
(7) ) = (= 
0 Ox* 4 


on making use of the relations 


( ἘΣ 
0 01. 


By a similar method we also obtain the result 


.}... 
The formulas that connect the components of the affine con- 


nection and the first r—1 generalized affine connections in the 
coordinate system ν᾽ with those in the coordinate system jf‘ are 


(8) 
| ov op oye δ᾽» γ᾽ 
= Γλ... =: |. 


where the | | stands for a sum of terms that vanish with all the 
*T?...s in which the number of indices a, - - - , 6 is less than p. 


+ [ = 3,4,---,r+1), 
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Evaluating (8) at the common origin of the coordinate 
systems ν΄ and 7‘ we obtain 


(9) ( μεθ ὃ ) 6, ¢ 2,3 + 1) 
Oy™- Oy 0 p 


Our theorem then follows immediately from this result and the 
relations (7). 


3. Applications. Let T?:::5(x) be the components of a ten- 
sor and *7%:::)(y) the components of the same tensor in a 
geodesic coordinate system y‘ of order r with origin at x‘=q'. 
A set of functions ἢ e..f οὗ x!, -- , x" atan arbitrarily given 


point x‘=q' will be defined by 


a 


ἀπῇ 
0 


Oy... Oy% 


THEOREM 4. The functions 4} 78 ἃ 
fixed k( Sr) are the components of a tensor. 


Let y‘ and 7‘ be geodesic coordinates of order r with x‘=q' 
as their common origin. By hypothesis 
ay ays 


α--«Ὁὃ 
*T....3(9) = *T....49)— ΞΞΞ 
7 3(3 d oy dy? dy? 


Hence by differentiation and Theorem 3, we have 


—a---B a---b 
Τ᾽. ὃν; Oy? dy" 


oy" Oye oy" 0 oy oy oy" 


(10) 


ays aye 
85“ dy* dy? 


where [ | denotes the sum of a set of terms that vanish at the 
common origin of the coordinate systems ν᾽ and γ΄. By Theorem 
3, we see that 


\axi/,’ asi), 
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If then we evaluate (10) at the origin and make use of the above 
relations in the resultant expression we obtain the law of 
transformation of a tensor evaluated at an arbitrarily given 
point. The proof of our theorem is therefore complete. 

It is to be observed* that the tensor 76 “ὁ , is the first af- 
fine extension (covariant derivative) of the tensor 75." while 
is the kth affine extension of 

Similar results hold good for the extensions of the affine 
connection Γ ὦ. For example, the set of functions 


ὃ 


ὁ ὁ dyn’ (k 


evaluated at the origin of a geodesic coordinate system γ᾽ of 
order r+1 define the kth normal tensor A ‘e8y,..-14 Thus the 
replacement theorems for affine differential invariantsf of 
order r can be proved on the basis of geodesic coordinates of 
order r+1 without any hypothesis as to the existence of 
partial derivatives of the components of affine connection of 
higher order than the rth. Finally the replacement theorems for 
metric differential invariants{ of order r can be proved on the 
basis of geodesic coordinates of order r without any hypothesis 
as to the existence of partial derivatives of the fundamental 
metric tensor gas of higher order than the rth. 


CaLtroRNIA INSTITUTE OF TECHNOLOGY 


* The proofs of these statements are left for the reader since they are 
obtained by an obvious modification of Veblen’s normal coordinate methods. 
See Veblen and Thomas, loc. cit., pp. 569-573. 

¢ T. Y. Thomas and A. Ὁ. Michal, Annals of Mathematics, vol. 28 (1927), 
pp. 196-236 

ΤΟΥ͂. Thomasand A. D. Michal, Annals of Mathematics, vol. 28 (1927), 
pp. 631-688. 
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ON ALGEBRAIC SURFACES WHICH ARE 
INVARIANT IN A CERTAIN CLASS OF 
FINITE COLLINEATION GROUPS* 


BY ARNOLD EMCH 


1. Introduction. Among the algebraic varieties in projective 
space of 5 dimensions, S;, and its sub-spaces and projections, 
there exist examples with notable properties and _ historic 
interest. 

There is the Veronese surface of order 4 in S; obtained by a 
mapping process based on the ©* conics of a plane. The pro- 
jection of this surface from an S, which has no point in common 
with the surface upon an 5S; is a Steiner surface, as is well 
known. Again we have Segre’s cubic variety cut out from the 
hypersurface 


xe -- xe -- ὁ -- xe = 
by the hyperplane 


in S;. The tangent hypercone from a generic point of this 
variety to the variety itself cuts a generic S; in a Kummer 
surface. 

In what follows I shall consider a V; in S; defined as the 
intersection of two hyperquadrics in S;. In coordinate represen- 


tation this space shall be given by S;= (γι, yo,- - -, ¥6) and the 
two hyperquadrics by 

(1) — = 0, 

(2) — γ15)ε = O. 


Obviously the V3; determined by (1) and (2) is also contained 
in the hyperquadric yrys— = 0. 
If to (1) and (2) the hyper 1-ic 


(3) yt yt =0 


* Presented to the Society, April 18, 1930. 
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is adjoined, then the three intersect in a surface which is of 
order 3m and may be represented by 


(4) yo + yf + yf + + + yf) = 0. 
The problem arises whether it is possible to reduce this surface 
birationally to a simpler form. This may indeed be accomp- 
lished by the following transformation of the space 5S;(y) 
into an ordinary space S;(x): 

(5) PY1 = XiX4, PY2 = X2X4, = X3X4, 

PY4 = PVs = X3X1, PVe = 

Clearly (1) and (2) are satisfied by (5). From this we find 
inversely 


ox, = ox, = 1/ys, ox3 = 17, γε, 
= (γι + yo + γι), + + Yoys), 
with the adjunction of (1) and (2), so that the correspondence 
is of the Cremona type. 
Since (5) is a Cremona transformation satisfying (1) and 


(2), and since the hyper 1-ic (3) is transformed by (5) into the 
surface 


(ἡ) xPad + + + = 0, 


an F2, of S;, the surface (4) defined by (1), (2) and (3) in S; 
is transformed birationally by (5) into the surface (7). 

The problem is now resolved into an investigation of these 
surfaces F2, of order 2m in three dimensions. 


(6) 


Q 
δὰ 

| 


2. Group Properties of Surface Fe,. As (7) is symmetric in 
the x’s, the surface is obviously invariant under the symmetric 
Ge, on four letters. But there exists a larger group of collinea- 
tions containing the symmetric group as a subgroup. Denote 
the roots of unity by 1, 72, 73, - - -,%n. Thenas (7,x;)"=x;", 
it is clear that 

( Xe X3 ) ( x X3 x4 ) 

a substitution which leaves F., invariant. There are as many 
such substitutions as there are dispositions of m elements with 


1930.] INVARIANT ALGEBRAIC SURFACES 549 


repetitions in 3 places, that is, "ἢ. Each of these can be per- 
muted in 24 different ways, so that there exists a collineation 
group of order 24-n* under which the surface is invariant. 
When 1 is even, the octavic group 


( χι Xe 13 X% ) 
ΞΡᾺΝ 


may be adjoined, so that in this case the surface is invariant 
under a group of order 8 - 24 - "5. The group of 52 collineations 
is Abelian and is invariant in the entire group, since the trans- 
form of any of its substitutions 


by 
Xer; Xa Xb Xe Xa 


( ἂν ) 
Xa Nery Madr, 
The entire group is the direct product of the symmetric group 


on four elements and this Abelian invariant subgroup. The 
result may be stated as follows: 


THEOREM 1. The symmetric surface )_x?x, τεῦ, ixk, is in- 
variant under a collineation group of order 24-n* or 8-24-n', 
according as n is odd or even. The group 15 the direct product of the 
symmetric group Gos, ora group Gig2 in case of an even n, with an 
invariant Abelian subgroup of order n*. 


3. Conics on the Surface. The surface may be written in the 
form 
(xg + xf)(x + x") + xP a? + = 0 
or 
II (x2 = TI (xy — ellt2k)ixin. 
+ — et? ix/n. = 0; R=0,1,---,n—1. 


The first product, set equal to zero, represents ” planes through 
the side 4:4, of the coordinate tetrahedron. The third product 
represents quadrics on the skew quadrilateral A:A2, A2A,, 
A,A3, A3A1. Hence there are m planes through the side 4:4, 
which cut these quadrics in m? conics which lie on the surface 
F.,. The same is, of course, true for every other side of the 
coordinate tetrahedron. In each of these planes there are 7 
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of these conics. When 5 is odd, n=2m-+1, then for k=m the 
corresponding plane through AA, becomes x.+x;=0, which 
cuts the quadric x:x;+22x3;=0 in a real conic. Hence, when 
is odd, the surface contains 6 real conics which lie on the quad- 
ric )x,x,=0, i¥k. In this case the surface also passes through 
the points (—1,1,1,1); (1, —1, 1, 1); (1,1, —1, 1); (1, 1, 1, —1) 
which form a desmic tetratredron with respect to the coor- 
dinate tetrahedron. The four centers of perspective of these 
form the third desmic tetrahedron (1, 1, 1, 1); (—1, —1,1, 1); 
(—1, 1, —1, 1); (1, —1, —1, 1), which is not on the surface. 
The points A;, As, A3, As are obviously n-fold points of the 
surface. Hence we have the following theorem. 


THEOREM 2. The surface Fe, has Αι, Az, Az, Ay as n-fold 
points and contains 6n? conics which lie 6 times on n? planes 
through the joins Α 4... On each of these planes lie n of the conics. 
When n is odd, then 6 ef these conics are real and lie on the sym- 
metric quadric through the four multiple points. 


4. Lines on the Surface. Uf the equation of F2, is written in 

the form 
+ + + (a + + 23") = 0 

it is clear that the 2n? lines of intersection of the two cones x:"x2" 
+ χα" +x2"+43"=0 lie on the surface. Thus 
is established the existence of 82:2 lines, 2n? through each mul- 
tiple point, on the surface. The equations of these lines may 
easily be established. Setting x," =21, x2" = 22, χα" =23, the traces 
of the lines through A, for example are obtained as the solutions 
of and 2:+22+2;=0 or of x"=1, 
x3;"=w*, where 1, ὦ, w* are the cube roots of unity. These 
solutions may be written in the form 


/(3n)+2kix/n 


ezkizin. Xo = 63 t= 


k,ki=0, 1,---,n—1, hence alsok—k,=0, +1,---, +(n—1). 
Now we may distinguish three cases, according as n=0, 1, 2 
(mod 3), or n=3m, n=3m+1, n=3m+2. When n=3m, then 
it is impossible for x. or x3; to become either w, or w?, since 
6m+3(k—k,) +10 and also 6m+3(k—k:1) +240. This how- 
ever is possible when n=3m-+1, by choosing ki =k =2m-+1, to 


or 
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get x2=w, and ki—k=m+1 to get x3=w*. Likewise when 
n=3m+2, for ki—k=m-+1, we have x2=w’, and for ki—k 
=2(m+1), x3=w. Now (1, w, w?) and (1, w?, w) are the inter- 
sections of the unit line x;+x2+x;=0 with the conic x1%2+%2Xx3 
+x3x,=0, so that when n=3m-+1, or 3m+2, two of the 2532 
lines through A, pass through these points in x,=0. Two such 
lines pass through each of the remaining three vertices. The 
six traces of these lines lie on the unit-plane x: +%2+%3+2,=0 
and are the intersections of the quadric ixk, with 
the quadrilateral cut out on the unit-plane by the faces of the 
coordinate tetrahedron. But when 2 =3m, there are 18m? lines 
through each vertex whose traces on the opposite face lie by 
sixes on 3m? conics; i.e., the lines lie by sextuples on 3m? quadric 
cones with the same vertex. 

These lines intersect by pairs in the following manner: Let 
S=(1, si, 52) be one of the 252 solutions as represented above 
by (x1, x2, %3) in terms of exponentials. Then (1, 5ι, 52, 53) is 
a point on the line AS which lies on the surface. If we now let 
ὅς take on the 3m values 1, fre, ---, fn; Si’, S12, 51”; Sel, 
52, τ“, 52} corresponding to the 3m solutions for x,"=1, 
X2" =W, X3" =w* separately, we obtain 3m points on A4S through 
each of which pass two lines of the surface. For example 
through (1, 51, 52, 51) pass the lines joining A, to (1, s1, 52, 0) 
and 4. to (1, 0, s , σι). Thus there exist 35 lines of the surface 
which intersect a line AS of the surface, such that through 
each vertex A;, 45, A; pass m of the 3 lines. Hence on account 
of the symmetry there exist ἢ -3”-2n?-4=12n' points on the 
surface through each of which pass two lines of the surface. 
This may be summed up as follows. 


THEOREM 3. There exist 8n? lines on the surface, 2n? through 
each multiple point. These lines intersect by pairs in 12n* points 
of which 3n lie on each line. In case n=3m, the lines through 
each point A; lie by sixes on 3m? cones with the common vertex 
A,;. In case n=3m-+1 there are 3m?—2m, in case n=3m-+2, 
there are 3m?+4m-+2 such cones. The configuration of 12n* 
points is, of course, invariant under the finite collineation group 
of the surface. 


The surface Fs, is also invariant under the involutorial cubic 
transformation 
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on 


pX, = PXe = X1X3X4, ρλ8 = X1X2X4, = χιχηχ8. 


From this it follows that Ἐς, is invariant in a group of Cremona 
transformations whose order is twice the order of the correspond- 
ing collineation group. 


5. Example. The Sextic Surface }\x?x2=0, ixk. This 
surface assumes a particularly attractive form by the fol- 
lowing transformation from projective into Cartesian co- 
ordinates. Choose a cube A;(—1, 1, 1); Ae (1, —1, 1); 
A;(1, 1,—1);A,(—1,—1,-1); Ay’ (1,—1, —1); Ae’ (—1,1,—1); 
A;'(—1, —1, 1); Aa’(1, 1, 1), so that the Cartesian axes OX, 
OY, OZ are the lines joining the centers of opposite faces of 
the cube. Now let the coordinate tetrahedron of the projective 
space (x1, X2, X3, Xs) coincide with A,A2A;3A,; then 


= —xt+y+24+1, = x—yt+2+1, 
ρχς =x+y—24+1, = 
The surface ἔς reduces to 
y—2+1)' 
y+2+4 1)" 
1) 
+(x —y+24+1)?+ (x+ y—2+1)*} =0. 


The quadric Σ΄ τεῦ, ixk, reduces to the sphere x2+y?+22—3 
=0, so that the six real conics on the sextic surface become 
circles which lie in the faces of the cube and which in each case 
pass through the four vertices of the cube in this face. The unit 
plane is transformed into the plane at infinity and the three 
desmic tetrahedra become the two regular tetrahedra inscribed 
in the cube and the tetrahedron formed by the origin and the 
infinite points of the x-, y-, and z-axis. There are 72 lines on 
the sextic. The 18 lines through each vertex lie by sixes on 3 
coaxial right circular cones with the principal diagonals of the 
cube as axes. The collineation group under which the surface is 
invariant is of order 24-27=648. It also permutes the points of 
the configuration of 324 points through each of which pass 2 of 
the 72 lines. On each line there are 9 of these points. 
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NEW CRITERIA ASSOCIATED WITH FERMAT’S 
LAST THEOREM* 


BY JOHN MCDONNELL 


Furtwingler has obtained* by means of Eisenstein’s law of 
reciprocity for residues of pth powers, pan odd prime, certain 
criteria in connection with the solution of the equation 


(1) xP + y? + 2? = 0, 


where x, y, z are relatively prime rational integers, and these 
criteria involve the rational factors of x, y, z, y—2, z—x, x—y. 
It is the object of the present article to employ the same 
method to derive similar criteria for the factors of 
— ys, — sz, — + ys, + δὰ, + zy. 
THEOREM 1. 7} x, y, 2 satisfy equation (1), yz+zx+xy is 
prime to p, and r 15 any factor of x?—yz, then r?-'=1 (mod ?). 


Proor. Let a be a pth root of unity. We have from the 
identity 


a(x + ya) — y(2 + xa) = x? — yz, 
the equation in pth power characters 


{= τος fy xa) | 


r 


or, since 


* Presented to the Society, August 29, 1929. 
{ Wiener Sitzungsberichte, vol. 121, Ila (1912), pp. 589-592. 


j=} = {21 - 
x and y being rational, we have 
[2 
) 
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We shall now obtain further relations between the above 
characters from the theory developed in connection with 
Fermat’s theorem. One, at least, of the numbers y, z must be 
prime to p. Assuming, first, that z is prime to p, we have from 
equation (1) the following well known result 


xsty+s=0 (mod 


Moreover, the ideal (x+ ya) is the pth power of an ideal factor 
of 5: the number x+ ya is prime to 1+ a, and is, consequently, 
associated with a semi-primary number of the form a" (x+ ya), 
where n is determined by the congruence 


(mod p). 


By Eisenstein’s reciprocity theorem, we have* 
a"(x + ya) r 
Again if y be prime to p we obtain similarly 
+ xa) | 


with my=x (mod p). 
If, now, yz be prime to p both equations (3) and (4) are 
satisfied and together with (2) yield the result 


Now 
ox — y? = (yo +ax+ xy) — νί(χ -Ῥ y4+3), 
xt+y+2=0 (mod 9). 
xy £0. 


* Furtwangler, loc. cit. 


ΝΕ 
or 
a)" 
(5) {Ξ} πὶ 
From the congruences nz=y and my=x (mod p), we have 
(m — n)yz = 2x — γῆ. 
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Hence m—n#0 and, therefore, from (5) we have* 
(6) {=\ = 1, and = 1 (mod p?). 


On the other hand, if yz be not prime to , either y or z 
is divisible by p. Assuming first that z is divisible, we have, 
from equation (1), the following results: 


s+y=0 (mod 9’), 


x + ya is divisible by 1 — a. 


Denoting the quotient (x+ya)/(1—a) by w, we see that the 
principal ideal (w) is the p:h power of an ideal factor of z and, 
consequently, 


Furthermore 
o= — ¥+ (e+ — a), 


and x+y=0 (mod p?); hence ὦ is a primary integer, and by 
Eisenstein’s theorem, 


Since x +ya = (1—a)w, it follows that 


Again y is prime to ~; consequently, from (4), 


r 


or 


* Furtwiingler, loc. cit 


6} 
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Substituting in (2), we have 


or, squaring, 


or 
je 
rf r 
Dividing both sides by {a/r}, and noting that 
fat=2+a) _ 
since a~!'—2-+<a is a real number, we obtain, 


and hence from (6) 
γρ Ξε 1 (mod p?). 
A similar proof obviously holds when y is divisible by p. 


THEOREM 2. If x, y, 2 satisfy equation (1), x(y—z) (x?+ yz) ts 
prime to p, and r 15 any factor of x?+-yz, then 


ΞΕ 1 (mod p*). 
ΡΕΟΟΕ. From the identity 
(x + ya)(x + τα) = x? + yz + χίνα + 2a“), 
we readily obtain the equation 
(xt ya) | 


Assuming, first, that yz is prime to p and remembering that 
x is so by hypothesis, we see that ya+zaq!, x+za7!, x+ya 


ata’) ja 


wn 
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are all prime to 1—a and are, consequently, associated with 
semi-primary integers of the form a'(ya+za~!), a™(x+za7), 
a"(x+ya) respectively. From the reasoning developed in the 
previous theorem it is easily seen that 


jae! (year+ | a™(x + sam (α"(« ye) 


hence, from (8), we have 


fa m+n—l 
-- - 1. 
Ὁ 


Now the congruences satisfied by /, m, n, namely 


r 


ἰχξεν 2, my=-—2, m=y (mod ρΡ), 
yield the congruence 
(m+n — l)xys = — 22x + xy? — y2(y — 2), 
(y — 2)[x(y + 2) — yz] (mod 9) 
— (y — 2)(x? + yz), 
#0, by hypothesis. 


Il 


Ι 


Hence 


and from (6) 
1 (mod p?). 
On the other hand if yz is not prime to , either y or 2 must 
be divisible by ». Assuming z to be divisible and recalling the 


arguments in the corresponding case in Theorem I, we have 
immediately the following relations: 


and 


"ον 
| 
- 
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From the above and from (8), we obtain 


l—e (a 
and from (7) it follows that 
=] (mod p?). 
As before, a similar proof obtains when y is divisible by Ρ. 


Ottawa, CANADA 


ON THE SOLUTION OF THE EULER EQUATIONS 
FOR THEIR HIGHEST DERIVATIVES* 


BY H. V. CRAIG 


1. Introduction. J. H. Taylor? has given two elegant methods 
of solving for their highest derivatives the Euler equations 
associated with the integral fF(x, x)dt. In this paper these 
two methods are modified so as to apply to the more general 
case in which the Euler equations contain derivatives of order 
higher than the second. 


2. Notation. Throughout this paper we shall employ vector 
notation and shall use dots and enclosed superscripts to indicate 
differentiation with respect to the parameter. Thus x, x, χοῦ 
will stand for the sets 


dt dt dt’ di™ di” di” 


respectively. Partial derivatives will be denoted by means of 
subscripts, thus 


* Presented to the Society, September 7, 1928. This paper is a part of a 
thesis written at the University of Wisconsin under the direction of Professor 
J. H. Taylor. 

+ J. H. Taylor, The reduction of Euler's. equations to a canonical form, this 
Bulletin, vol. 31 (1925) p. 257. 


— 
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= Fs; 
Ox’ pvr 
OF (x ,x, 41) 


However, if the differentiation is with respect to the highest 
derivatives present we shall further abbreviate by omitting the 
m, that is, 
OF 
= F;. 
Oxi! m) 


Summations are to be understood when repeated indices occur. 


3. The Calculus of Variations Problem and the Euler Equa- 
tions. We consider a function F(x, %,---, x‘), m>1, with 
properties to be specified and seek among all curves of class 
2m lying in a certain region of an n-space and satisfying cer- 
tain boundary conditions, the one which gives the integral 


te 
I -[ ds 
1 


its minimum value. 

As a first hypothesis on F we suppose, as just implied, that 
the solution of this problem exists uniquely. The additional 
hypotheses are: (a), that F is of class m+1; (b), that the 
classical F; function* associated with F does not vanish along 
the solution; and (c), that J is independent of the choice 
of the parameter. 

Zermelo has shown? that this invariance of J implies the 


following identities in x, %,---, 
(1) x'F; = 0, i ranges from 1 to 7, 
(2) x'@E,; =F, a ranges from 1 tom, 


* We have used F, to avoid confusion with F,=0F/dx'™. For a discus- 
sion of the F; function, see Oscar Bolza, Vorlesungen iiber Variationsrechnung, 
Leipzig, Teubner, 1909, p. 13. Oscar Bolza, Lehrbuch der Variationsrechnung, 
p. 196. 

t See Adolph Kneser, Lehrbuch der Variationsrechnung, Leipzig, Teubner, 
1925, p. 217. 
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where E,; is defined by the equation 
Ες: = (— (8 ranges from 0 to m—q). 


We observe from this definition that Ej; =0,7=1, 2,---,2, 
are the Euler equations associated with F. These equations are 
not independent, but satisfy the relation 


This may be established as follows. Differentiating (2) we 
obtain 


F = xi@E,; + xiv 


If in this we replace the second term by its value as given by 
the formula 


= F iq 
the relation becomes 
= xi@ [pet — + 
Since E,,.;= F;, this may finally be written 
F = 4 — + αἰ — αἰ; 


hence x'Eo;=0. 
Since (1) evidently leads to 


(4) = 0, (j= 1,2,---,#), 


it follows that the determinant |F,;| (and this is the deter- 
minant of the coefficients of x°™” in the Euler equations) 
vanishes. Accordingly, the problem of solving the Euler equa- 
tions for their highest derivatives requires special consideration. 
We shall make it a part of our hypotheses on F that the rank 
of this determinant be n—1. 

For use in determining the rank of certain determinants 
which will appear presently, we insert here a few miscellaneous 
observations. As a consequence of equation (4) and the rank 
of the determinant |F;;|, the cofactors ΕΠ of the latter satisfy 
the following relations: 


Fil F2 


(3) = 0. 

x! x2 xn 
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If we note that the quantities F‘‘ are symmetric in their indices, 
these equalities are seen to be expressible in the form 
(5) τ 
Fi Ft 


where 7, j, k, / may each be any number of the set 1, 2,---,m 
and no summation is to be understood. The reciprocal of the 
common value of the members of (5) is the F, function of our 
problem. 


4. The First Method of Solution.* Let H(x, x) be any function 
of class 2m—1, homogeneous of degree plus one in %, and non- 
vanishing along the solution of our problem. With these re- 
strictions we may so select the parameter that ΠῚ will maintain 
the value unity along the solution. Differentiating the equation 
H=1, 2m—1 times with respect to ¢, yields the relation 


(6) χ +r=0. 


Here we have written explicitly only the terms in x°” and have 
represented by 7 the remaining terms. This equation we ad- 
join to the system 


(7) + wH ; + R; = 0, 


R; being so chosen that these relations reduce to the Euler 
equations for w=0. The system (6, 7) is linear in the variables 
x?™) and τὸ, has a non-vanishing determinant, and determines 
the same set of values for x” as the Euler equations. To prove 
this last statement we multiply the equations of the set (7) 
by z and sum. Because of (3) and the conditions imposed 
on H (the homogeneity of H implies <‘H;=H) the result is 
w=0. The determinant of the system (6, 7) is equal to 


+ HA Fi = + = + F, 0. 


5. The Second Method of Solution. Let us replace the function 
F(x, Χ, - --, ΧΟ) of our calculus of variations problem with a 
new function f(x, x, - - -, x”), which we define as follows: 


* Taylor points out the incidence of this method in an article entitled 
The properties of curves in space which minimize a definite integral, by Mason 
and Bliss, Transactions of this Society, vol. 9 (1908), p. 443. 


= 
= 


wn 
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f == δὶ 44 
‘ 2 a 
We restrict the function ΠῚ as in the preceding section and select 
the parameter as before so that H maintains the value unity 
along the unique solution C. 

For such a parameter it is evident that 


f --- x™)dt = free, 
Ἢ c 
[μι > ra, 
δ c 


if C is any other admissible curve. Therefore the curve C is 
also an extremal of the integral ffdt. (The problem associated 
with f is not a Weierstrass problem since ¢ has a special mean- 
ing.) Furthermore the determinant |f;;| (fi;=Fi;+HiH)) is 
different from zero since 


and 


| = FU = F 0.* 
Hence the values of the quantities x°™) along any extremal 
may be obtained by solving the Euler equations associated 
with f by Cramer’s rule. 

It can be shown that the left members of the Euler equations 
in the unsolved form are the components of a covariant vector. 
The method of solution outlined above gives us a simple contra- 
variant description of this vector. 


THE UNIVERSITY OF TEXAS 


* See J. H. Taylor, loc. cit. p. 261, for the development of a similar deter- 
minant. 


— 
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A NOTE ON A SYSTEM OF EQUATIONS WITH 
INFINITELY MANY UNKNOWNS* 


BY L. W. COHENT 


If the system of equations 


(1) tit = yi 


k=1 


is considered as a transformation on the space (x;) such that 
Dore | xe |? converges for some p>1, then we must require 
that lag, converges for every If we further 
require that this transformation carry (x,) into (y,) of the same 
space, we are led to consider the inequality 


obtained from (1) by the Hélder and Minkowski inequalities. ὃ 
The convergence of the double series on the right is a sufficient 
condition. Since p and p/(p—1) are separated by 2 if not equal 
to it, we will consider p<2. It will appear in IV below that 
in the case p=2, the matrix of the transformation is the 
transposed of that of (1). For the system (1), under the condi- 
tion that 


* Presented to the Society, October 26, 1929. 

{ National Research Fellow. 

t Landau, Uber einen Konvergentzsatz, Géttinger Nachrichten, 1907, pp. 
25-27. 

§ These are respectively 

d 


See F. Riesz, Les Systémes d’ Equations Linéaires - - , Paris, 1913, p. 45. 


"-- 
ος :- 
(2) ΙΣ yi ἢ Ξ x 
i=] ἐπεὶ 
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x x 
(3) > | | aiz |? converges, (1 <9 


ἐπεὶ k=1 
we state the following theorems. 


THEOREM 1. The system (1) is equivalent to (that is, has the 
same solution as) one which has an absolutely convergent de- 
terminant A tn the sense of von Koch. 


| 
THEOREM 2. If A¥0 and | |” converges, then the solu- 
tion is obtainable from the new system by Cramer’s rule and 15 in 
the same space. 


THEOREM 3. The inverse of (1) ts equivalent to a system with 
an absolutely convergent determinant whose elements satisfy (3). 


THEOREM 4. [Jf (1) is transposed, it becomes equivalent to a 
system with an absolutely convergent determinant and trans- 
forms the space (x;.), where |x, τὶ converges, (p/(p—1) 2), 
into the same space. The transposed system has the properties 
of Theorems 2 and 3 with p replaced by p/(p—1) and i and k 


interchanged. 


Theorems 1 and 2 are slight extensions of results obtained 
by Bobr,* while 3 and 4 seem to be new. 
We first establish the following lemma. 


Lema. If, in the determinant A= |6;.+a,|, (i,k=1,2, - 0), 
verge, then 


x - -- 1/(p—1) 
(4 Σιων} 
ἐπεὶ 
(5) | | Ai | (i#k), 
1/(p—1) 
(6) >| 


k=1 


t=1 


converge and lim; A;;=A, where A; 15 the cofactor of ai. 
* Bébr, Eine Verallgemeinerung des v. Kochschen Satzes ---, Mathemati- 
sche Zeitschrift, vol. 10 (1921), pp. 1-11. Bobr’s conditions on (1) are that 
convergence of the determinant is established and the solution is obtained by 
indirect methods involving the theory of limited linear and bilinear forms. 


= 
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ProoFr: The determinant and its minors converge absolutely 
and the following relations hold :* 


»-ὶ 
| | | = σ᾽, 


i k=1 


=1 


(1 γέ k), 


x 1/(p—1) 
(8) [ | dik | = τ»!.(»-- 
4 γ»!(»-- 
(9) | Σ | 11,12, 


< δὴ las | 


ος ος Ρ 
(10) Σ, | >> li1, 42, 


= 
De 41,%n41| ἢ, 


if all the 


subscripts are distinct and is zero otherwise. 

By the interchange of a finite number of rows or columns 
in A;., its diagonal can be made to differ from that of A in 
that 1+a;;, and 1+a,, are missing and a,; occurs. Then Ai, 


may be expanded as a sum of infinite products of the form 


(11) σι Il Cup 

where δι; is the general term of Aix, (ji, jo, “τ, jm) is ἃ per- 
mutation of (1, 2, - - -, m) and the ¢,, are on the diagonal of 


Ai. If we replace, in each product*, c,; by 6:;+a@:; and expand, 
we obtain new products in the a,;. Each of these except for 
sign is a product of or lk, i| (n=1) multiplied 
by a product of circular products of A.j If we put P= 
T1(1+ |x|), where the product is extended over all circular prod- 
ucts of A, we may write, P being finite, 


* Bobr, loc. cit. 
{ See F. Riesz, loc. cit., pp. 33-35. 


= 
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(12) | An ἘΣ ( | ἔν, “ον i|)}, 
n=1 iy, °°, l 


(i #k). Using the Hélder inequality and (10), we obtain 


(13) >, | 
= k3 11,12, 
᾽ 
ig,+++,in=l 


ΙΛ 
γ-- 
iM: 

=~ 

7 


(»-1}}» 1/p 
-- | 5 [(»-- Ὁ 
Ss o* | »| La 
i;=1 1 


Combining this with (12) and making the assumption that 
o <1, we have 


(14) A k < P) axi| 
-,;͵͵σἷ 


(k τέ ἡ. 


Let us consider a fixed k and apply the Minkowski inequality: 


(p—1)/p oc 


i=l 


x 
ΝΗ 
oc 4 P71/p 
| 
1 (p—1)/p x | P| (p—1)\ (p—-D/p 
4, |?! »| ) 
i 1 i;=1 f 
ίς 
— ) Σ a ( 
Ρ p-l)ip({ = 1/(p-1 (p—-1)/p 
k; is |” } ΣΙ] > 
1- σ i;=1 ὶ ij=1 
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Since |k; i:|= |a.:,| or 0 according as we have, 
using (8), 


(p—1)/p 
(16) | Aug 
i=1 
1—o+7 (»-1}}» 
ἐπεὶ 


Then raising to the pth power, summing as to αὶ and using (7), 
we have 


1—o ἐπ 
1—o+r\? 
) (i # k). 
1- σ 
If we set [ζ, - tnt, 6{Ξ 4{ |B, - ἑκα; 


and use (9), we are led to 


1/(p-1) 1 -- T+ o\ 
(18) | | < (k γέ ὃ. 


i=1 k=1 


Hence we have established (5) and (6) in case <1. This 
restriction may be removed as follows. Since 


»-ὶ 
Σ [ | Qik |? (k γέ 1), 


converges, there is an integer m such that 


x x »-ἰ 1 
(19) | ai, | (bk: 4). 
i=m+1 k=1 2 


There is a number ¢ (0<¢<1) such that 


x »- 
(17) | > Ai 
k=1 i=1 
< | ap; |? (p—1) 
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m -- »-ἴ 

(20) [ Giz | »| < 
If we multiply the first m rows of A by ἐ, then in the new 
determinant A’, ¢<1 and (5) and (6) hold for A’. Both de- 
terminants and their minors are absolutely convergent. If 
the A‘, are the cofactors of the elements of A’, they differ 
from the A; in that the first m or m—1 rows are multiplied 
by ¢. But ¢ being less than 1, we have in any case 


(21) 


and consequently 


k=1 ἐπεὶ 
(22) (i = k), 
x 1/(p-1 
| | 
i=! k=1 
- 1/(p-1) 
) le 
| 
ἐπεὶ k=1 


so that (5) and (6) hold in general. 

Finally we show that lim; A;;=A. Since A is absolutely 
convergent, we have ΔΈΣΙ for 41} ἡ. From the 
Hélder inequality we get 


(23) |A—(1+4i)Au| aud | 
k=1 
x (»--1}}}» - 1» 
s[ Ἴ axa. 
k=1 k=1 


Applying the inequality A!/*B&-»/»<(1/p)A+[(p—1)/p]B, 
(A 20, B20, p>1), we have 


x p—l 
Σ | 
| 1 i=1 
-- x 
Dl 
x 
ΝΘ i). 
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x »-Ἰ 

(24) [Δ -- (4  ( | ain |” | 
k=l 


-- 1/(p—1) 


k=1 


Now in consequence of (7), (22), and the fact that lim; a;;=0, 
we have 


(25) lim; A ;; = Δ. 


We return now to our system (1) under condition (3). 

I. It follows from (3) that lim;a;;=0. Hence there is an 7 
such that for 1/2<1/(1+ai;)<2. Weput d;=1 for 
and d;=1/(1+a;;) for i>ip. Multiplying the 7th equation 
of (1) by d;, we obtain 


(26) xi + = Zi, (δ᾽. + cn = d (6x, + 5: = ciyi), 


k=1 


which has the same solution as (1). Since the d; are bounded 
and the c;=0 for i> to, Σ | and lei J? 
converge. It follows that (26) has an absolutely convergent 
determinant. 

II. We solve (26) by Cramer’s rule. Let A be the determin- 
ant obtained by replacing the jth column of A= |6%.+cx 
by the z; and consider 


(27) + Send” = + Den 


k=1 i=1 k=1 i=1 
i k=1 


ἐπεὶ 


where C;, is the cofactor of 6,¢;,.. This formal procedure is justi- 
fied if the double series involved converges absolutely. But, 
from the Hélder inequality, we have 


Σ σιδι;Δ ΞΞ 3;A, 


570 L. W. COHEN {August, 


i=l 


~ 
Ms 
Ms 
Il 
8 


(i ζέ k on the right) 


l/p 
i=1 
x 
C 


l/p =x x (p-—l)/p 
+ | 2. Zi > Cik | > Ciz | 
i= - i=] 


1 
-ς I/p -- (p—1)/p 
~ - γἱ(»-- 
= | “i ἢ jk | 
i=l k=1 


{c+( > | mol” ) (i 4), 


k=1 


where C is the least upper bound of the [Ομ]. The lemma 
by (5) guarantees the convergence of the double series on the 
right and hence our series converges absolutely. We have then 
the solution x,=A“/A. That the solution is of the required 
type results as follows, since |? |A®/A|?: 


Ρ 
(29) | AG rs[ > | 


i=] 


= | + , (i γέ k on the right), 


1/p 
(30) | At ἢ 
k=1 


IIA 
iMes 

[Ὁ] 
L—— 

ΟᾺ 
Ω 


k=1 i=] k=1 ὶ - 
- 1/p «© Pp 
| oC es ἢ ΕΙΣ 
k=1 k=1 
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(i#k on the right). The lemma again yields the convergence 
of the double series on the right. 

III. In order to obtain the inverse of (1), we consider the 
inverse of (26) 


(31) Σ (δια + vie = Cix/A). 
ἐπεὶ 
The inverse of (1) then is 
a 
* 


Here lim~;;=0 and con- 
verges. A set of constants 6,(1/2<6,<2) may be determined 
as in I so that, in the system 


(32) 


(33) yet = ue, 


i=1 
we have 


(34) δικ tan = (δὲκ uy = 


8 
(35) ar = 0 (k > ko); lanl 5 τα] (1 γέ k). 


From (35)it follows that Σ [α;: land lovin |p/(p—1) 
converge. Hence the system (33), equivalent to the inverse 
of (1), has an absolutely convergent determinant. 

IV. If (1) is transposed, it becomes 


(36) tet = γι. 
i=l 


From (3) it follows that 1/(p—1)21 and we have, applying 
the Minkowski inequality if the equality here does not hold, 


( -ο 1,.(»--}Ἃ »-1 
k=1 2 


i=1 


90 
ος »--ὶ 
i=1 k=1 
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Therefore > a 'α: |” converges for every k and (36) is a trans- 

formation on the space (x,), where >>2,|x;|?/“-» converges 

and p/(p—1)22. For any such (x;), we have 


(p—1)/p -- (p—1)/p 
(38) | ν, |P/(p »| < | > x, |? 
i=! 


and hence the (y,) is in the same space. On the other hand, 
given (y,) in this space, we find an equivalent system (26’) 
as in I having an absolutely convergent determinant and ob- 
tain the solution from (26’) by Cramer’s rule as in II, (6) of 
the lemma being used. The discussion of the inverse of the 
transposed system follows that of IIT. 


PRINCETON UNIVERSITY 


EXAMPLES OF SURFACE TRANSFORMATIONS 
BY P. A. SMITH 


The purpose of this note is to illustrate by examples certain 
points in the structure analysis of surface transformations, 
and at the same time to point out certain unsolved problems 
which appear to be fundamental in this connection. 

Every (1-1) continuous transformation of a surface S into 
itself admits* a closed invariant set of central points which 
possesses certain properties of regional recurrence and which is 
determined essentially as follows: the points of S move under 
indefinite iteration of T and its inverse T7_;, toward a certain 
closed invariant set M' which in general is a proper subset of S; 
M' contains a proper subset M? related to M' as M' is to S. 
Continuing thus, we finally arrive at a first set M” such that 


* The definitions and theorems used implicitly in this note are to be found 
in detail in Birkhoff and Smith, Structure analysis of surface transformations, 
Journal de Mathématiques, vol. 7 (1928). With regard to regular regions, 
see also P. A. Smith, Regular components of surface transformations, to appear 
shortly in the American Journal of Mathematics. 
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Mrti=M’ (1=1, 2, - - -) and M’ is the set in question. The 
number 7 is a sort of measure of the structural complexity 
of ΤΊ, and may perhaps be a transfinite ordinal. The fact is, 
however, that as yet no examples are known for which r>2. 
Examples with r=1 are simple to construct; a sphere, for 
example, may be rotated through 180°. Then M'=S and hence 
Mi=S,1i>1, and M*=S,r=1. Transformations with r=2 can 
also be effectively constructed; to show this will be the purpose 
of our first example. It would be of considerable value for struc- 
ture analysis to know whether or not 7 can be greater than 2. 

For the set Μ' we may take the totality of non-wandering 
points of S,—they are defined by the property that an arbi- 
trarily small neighborhood σ of any of them is intersected by 
images of o under sufficiently great powers of JT and 7... Or, 
we may start with WN! for our initial set, NV’ being the totality 
N of a- and w-limit points of 7, together with the ordinary 
limit points of N. Here we may ask if JN is not itself closed, 
and our second example is constructed to show that such need 
not be the case. Each point of N! is non-wandering and hence 
there can exist non-wandering points which are not a- or w-limit 
points. It would be of considerable interest to go a step farther 
and learn whether or not there can exist non-wandering points 
not contained in Ν᾽. A closely related unsolved problem is 
the following: the sequence Ν᾽, N?,--- leads eventually 
to a final set N* which is identical with M’; it is known that s 
is not greater than 7,—must s=r? 

The set S— M', if it is not null, may contain certain regular 
regions, that is, regions of uniform approach toward M! 
with respect to indefinite iteration of 7. The question arises 
as to whether such regions must exist. We shall describe briefly 
a transformation in which the open set S—MM' contains no 
regular regions. 

The Transformations. Let S be a sphere and @=const., 
¢=const. be its parallels and merid- 
ians respectively. We shall first describe three preliminary 
transformations of S. 

A. Let ¢ be a (1-1) continuous transformation of the equator 
(8=0) into itself, leaving invariant the point O (@=0, ¢=0) 
and increasing the ¢-coordinate of every other point by an 
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amount less than 7/2. If ¢ is represented by ¢:=$+/(9), 
the first transformation A of S will be defined by 


θι θ, φι =o+f(9). 


Thus A leaves invariant the poles 6=+7/2, and the points 
of the meridian ¢=0, and increases the ¢ of all other points 
by amounts always less than 7/2. 

B. The transformation B is given by 


6, = 8 — Xsin 28, φι = 9, 


where the positive constant ἃ is chosen, as it can be, so small 
that B shall be (1-1). The only invariant points here are the 
poles and the points of the equator. The general motion of all 
other points on iteration of B is toward the equator. In fact 


if ---C.4, Co, Οἱ, - - - represent the successive images of the 
parallel Cy in the upper (lower) hemisphere, the sequence 
Co, Ci, - -- has the equator for its only limit circle, and the 
sequence Co, C_:, - - - closes down on the pole 0 =7/2,(6= —7/2). 


C. This transformation is represented by 
6, = 6, φι = o+ g(A), 


where g(@) is defined as foliows: assume Cy of the preceding 
paragraph to lie in the upper hemisphere, and let C, be given 
by Then let 
g(0) =g(r/2)=0; on each interval (6,, 0.41), g(@) is to vary 
linearly between the values taken at the end points. This 
defines g(@) for 0S 07/2 and the definition is now completed 
by putting g(—0@) =g(6). 

Consider now the product transformation 7 Ξ 4 ΒΟ; we shall 
show that for T, r=2. We note first that T may be represented 
in the form 


6; = 6 — Xsin 26, φι = F(0,¢). 


Hence, as for B,mction in the two hemispheres is uniformly 
toward the equator on iteration of 7, and toward their respec- 
tive poles (which are invariant points) on iteration of T_1. 
Hence the set 27' is contained in the set P!+ P?+ equator, 
P' and P? being the poles. The equator transforms under T 
just as it does under A, since its points are invariant under B 


wn 
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and C. Hence its points move toward the invariant point O 
on iteration of T and T_;. Hence M? contains only the points 
O, P', P?. Thus M*=M?, and rS2. To show that r=2, we 
must show that M? is a proper subset of M'. We shall show in 
fact that all points of the equator are in ΜΠ. 

Let o be a small neighborhood of an arbitrary point P of the 
equator. For.m positive and sufficiently large, o will be inter- 
sected by C,,; let Q be a point of intersection. Now the ¢-coordi- 
nate of Q receives non-negative increments from A and B; 
hence its increment from T is at least as great as that due to C, 
namely 7(1+m)-!. Hence the ¢ of Q is increased by an amount 
oe 1:2) m(m+1-+7)-! on k applications of T, and is therefore in- 
creased without bound on infinite iteration. Thus Q describes, 
so to speak, infinitely many circuits about the sphere in the 
neighborhood of the equator, whereas P converges directly to O. 
Hence the successive images of o tend to wind themselves 
around the sphere, and are at the same time drawn constantly 
closer to the equator. Clearly o, must intersect o for large 
positive values of 5, and P is therefore non-wandering, hence in 
M'. This completes the proof that 7=2. 

Consider next the transformation A C; we shall show that the 
set N defined above is not closed. We remark first that AC 
transforms into itself every circle §=c according to the relation 


φι = + f(d) + = 


Since f(¢) 20 for all ¢, and g(c) >0 except for c=0, +7/2, the 
only invariant points are the poles and O. The function \.(¢) 
undergoes continuous modification as c varies continuously and 
hence the rotation number* p(c) associated with \.(@) is a con- 
tinuous function of c as one can readily verify. Since O is in- 
variant, p(0) =0 and hence an arbitrarily small non-zero value 
c’ of c can be chosen such that p(c’) is commensurable with 7. 
Because of a property of rotation numbers, there exist on the 
circle @=c (which is arbitrarily near the equator) a number of 
periodic points. Let one of them be U. Since U can not be 
invariant, it is at least of order 2, and iterates periodically 


* For a definition of rotation numbers and an account of their properties, 
see Birkhoff, Surface transformations and their dynamical applications, Acta 
Mathematica, vol. 43 (1920), p. 87. 
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through a finite group of two or more periodic points on repeated 
application of AC. Hence the ¢-coordinate of U increases with- 
out bound. But the successive increments of @ are <7/2. This 
is due to the definition of A and the fact that near the equator 
the influence of C is minute. It follows that there exists at 
least one periodic point on every quarter-circumference of 
6=c’. Clearly the totality of periodic points must therefore 
have at least four limit points on the equator. Since each 
periodic point is an a- and w-limit point, and since the only 
a- or w-limit point on the equator is 0, we have at least three 
points which are not a- or w-limit points, but are limit points of 
such points. Hence N 1s not closed. 

In our final example* we shall let S be represented by the 
x y plane with a single point at infinity. Each point of S not 
contained between the two lines y=O and y=1 is to be in- 
variant. The only further invariant points are those of the set 
(+p/q, 1/q), where p and q are positive integers and g>1. 
All the remaining points are to move vertically downward 
(x; =x, y1<y) on iteration of T, and hence vertically upward on 
iteration of 7_;. Clearly the set M' consists of the invariant 
points only. 

Let σ be a small connected region in S— M!. We can choose 
in σ a point P(a, δ) where a=m/n, b>1/n, and a point 
P’ b’) where a’ is irrational. Under iteration of T, all points 
of o move vertically downward. The sequence P, Pi, P2, - - - 
converges to V(m/n,1/n), while the sequence P’, P{, PZ, -- - 
converges to (α΄, 0). Now V is an isolated point of M' and is at 
a non-zero distance ὃ from the remaining points of M'. Hence 
no image of σ under positive powers of T can lie entirely within 
a distance ε of M', if we takee<6/2. Thus there are no regions of 
uniform approach toward M* and all points of S—M' are 
w-irregular. 

BARNARD COLLEGE, 

CoL_uMBIA UNIVERSITY 


* Certain details of this construction will be omitted; they are not difficult, 
however, and have been carefully verified. 
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A SOLUTION OF A SIMPLE FUNCTIONAL EQUATION 
AS A BASIS FOR READILY OBTAINING CERTAIN 
FUNDAMENTAL FORMULAS IN THE THEORY 
OF ELLIPTIC FUNCTIONS* 


BY G. W. STARCHER 


The purpose of the present note is to show, by considering 
certain solutions of simple functional equations, how one may 
obtain expressions for each of the four theta functions, both 
as infinite products and as Fourier series, and thus have a basis 
for the theory of elliptic functions. The principal novelty of 
the note lies in the fact that the two fundamental expressions 
for the theta functions are obtained at once from considering 
simple functional equations; moreover, an important relation 
between theta functions of zero argument is obtained with less 
effort than is usually given to it. Throughout this discussion 
we assume 4 to be such that |q| <1. 

The functional equation 


(1) f(x) = (1 + 


has a unique solution analytic in the neighborhood of the point 
zero, having there the value 1; this solution is expressible in 
each of the two forms 


(1/2) 
q 


(2) (1+ =1+ 
I 


From (1), we see that g(x) =1/f(—x) satisfies the equation 


(3) g(x) = g(qx). 


1 — qx 
This equation has a unique solution analytic in the neighbor- 
hood of the point zero, having there the value 1, which is ex- 
pressible as an infinite product by comparison with the 
expression for f(x) as an infinite product. If such a solution of 
(3) may be written in the form 


* Presented to the Society, April 18, 1930. 
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Cox” 
then we have 
1 1 
1 


ἘΣ 


rai (1 -- gx)(1 -- g?x)--- (1 - (1 — q**t'x) 
σι 


ς 


(1 — gx)(1 — 451) - - (1 — 


Equating coefficients of like terms and computing the successive 
c’s we have finally the solution 


45 
g(x)=1+ 2 
Σὰ: —q)(1—g?) - - - (1—g") (1—qx)(1—g?x) - - -(1—q"x) 
For x=i, we have 


1 v 


Consider the functional equation 
(5) f(x) = xf(qx). 


If there exists a solution of this equation, not identically zero, 
which vanishes when x = —1, having no other zeros x; such that 
\q| < |x: | <1, then all the zeros of such a solution are at the 
points x= —q’, wherev= ---, —2, —1,0,1,2,---. Wemay 
construct a function having precisely these zeros, viz., 


(6) f(x) = + φῦ + gra). 

vr=1 
This infinite product obviously converges and defines a single- 
valued analytic function for every x except x=0 and x= 
Substituting fi(x) for f(x) in (5) we see that fi(x) satisfies (5). 


; 
r=1 
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Any solution of (5) which is single-valued and analytic 
throughout the plane except at x=0 and x=, may be repre- 
sented by a Laurent series which may be written, 


(7) f(x) = Dex’. 


Substituting from (7) into (5) we have 
> tex” = 


Computing the successive c’s in terms of co and substituting 
these values into (7) we have 


(8) f(x) = Co Σ xe, 


This series converges and defines a function which is single- 
valued and analytic throughout the plane except at x=0 and 
x=. Hence a solution of (5) which is single-valued and 
analytic throughout the plane except at x=0 and x= is 
uniquely determined by (5) except for a multiplier co which is 
independent of x. For some particular co the series in (8) must 
define the same solution as (6). To find the required value of 
Co, we observe that co is the term in the series that is inde- 
pendent of x, and determine the term independent of x in the 
expansion of the infinite product (6). From (2) when x=q7'x 
we have 


(1/2) v(e—1) 
Ta tors) = 1+ <x", 
v=1 t= 


(1 


and when 


(1/2) v(v+1) 
q 


+ = +z x. 
v=] 


In the product of the two expressions on the right the sum 
of the products of terms involving x’ in the first by the terms 
involving χοῦ in the second, together with the product of the 
two constant terms, gives precisely the term independent of 
x in the expansion of (6). This is clearly just the second mem- 


; 
? 


580 G. W. STARCHER {August, 


ber of the identity (4). Writing the first member of (4) for 
co in (8) and equating to the product in (6) we obtain 


(9) + (1 + — g") = Yq" | 
=] 


Replacing x by —x we also have 


ας 


(10) [JQ -- φ' -- gtx) (1 -- 9") = 1) 
1 -οο 


Replacing g by φ' and x by ge? and using the customary 
notation J3(z), 3:(z) for the theta functions, we have from 
(9) and (10) 


(11) Ila + + — 40) 
r=1 
= ὃ3(2), 
r=1 


= (— = τ (ὦ. 


Again replacing q by q? and x by q’e?*, we have from (9) after 
multiplying by 


(13) 4' IIa ΞῈ 4" "ε55)(1 if 4. 36 325)(1 = 40) 
v=1 


x 


= Σ 2) φ( 2 = ϑι(2). 


Similarly from (10) after multiplying by —ig'/‘e” 


(14) — — — — 430) 


-- xe 1) 2)? 9(2v+1)iz = 9,(z). 


x x 
= x 

x 

--οὦ 
= 
x 
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Thus we have each of the four theta functions expressed 
as an infinite product and as an infinite series, the latter being 
equivalent to the Fourier series for the theta functions. From 
these it is easy to establish the quasi-periodic character of the 
theta functions, together with other of their fundamental 
properties. By considering suitable quotients of the theta 
functions we obtain elliptic functions, and hence much of the 
theory of elliptic functions may be obtained readily. 

We may easily obtain a fundamental relation between the 
theta functions of zero argument as follows. 

From (14) we may write 


ϑιί(2) = — ig! (1 — 32:) IIa )(1 45) 


v=] 
v=] 


Differentiating with respect to z, then allowing z to approach 
zero, we have 


ϑι'(0) = TT (1 — 45)" 
v=1 


2419 Πα —.g?*)(1 + 4554 — 4) 


v=1 


v=] 


24. TT (1 + = ΠᾺ + 


v=1 v=1 


x 


— — 439 


2(0) “4(0)8 «(0), 


the last member being obtained by comparison with (11), (12), 
and (13). 


UNIVERSITY OF ILLINOIS 


"πὰ 
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-" 
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ON CANONICAL FORMS OF DIFFERENTIAL 
EQUATIONS* 


BY V. G. GROVE 


1. Introduction. The projective differential geometry of 
surfaces has been greatly enriched by the introduction of 
Fubini’s projective normal into the theory. This projective 
normal however fails to exist for ruled surfaces. In this paper 
we propose a class of congruences covariantly related to the 
surface, each congruence being suitable as a substitute for 
Fubini’s projective normal congruence. As an application 
we give an interesting class of congruences covariantly related 
to a scroll surface and conjugate to the surface. 

If the asymptotic parameters are parametric, the four 
homogeneous coordinates y™, y®, γί), y® of a general point 
on the surface S, are solutions of differential equations in the 
Wilczynski semicanonical form 


1 ( Yuu + 2ay, + 2by, + cy = 0, 
(1) 

yee + 20’yu + 26’ γ, + = 0. 
One of the integrability conditions of system (1) is 


(2) a,=b. 


If the transformations 


(3) 
and 
(4) i = U(u), 0 = V(r) 


are performed on system (1), the new coefficients are respec- 
tively 


λ 1 


1 
λ λ 
* Presented to the Society, April 19, 1930. 
ΤΕ. J. Wilczynski, First memoir, Transactions of this Society, vol. 8 
(1907), pp. 233-260. 


= 
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and 
1 1 Uy ς 
ᾶ = -- -“ὴ, δ: --ἶν, c=— 
2 L U 2 
(6) 
U, 1 1 


2. The Canonical Forms. Consider an invariant R of the 
surface with the following properties: 

(a) RX0, (b) the transform R of Καὶ by (4) is R= R/(U.V.). 

Condition (2) implies the existence of a function p such that 


(7) 
/ pu =a R 


pr= 


where h is ἃ constant. The transforms p, and p, of p, and jp, by 
means of (3) are 


(8) p 
Pu = Pu Pv = Pv 


If we examine the transforms of p, and p, under (4), we 
observe that these functions will be invariant under that 
transformation if and only if h=1/2. Hence the points r and s 
defined by the formulas 


r= ut puy, S= poy, 
(9) 
(10) 
ἊΝ ἢ 


are covariant points. Transformation (3) for \=e~? transforms 
the expressions r and s into y, and y, respectively. With this 
choice of λ, system (1) assumes the following canonical form: 


(11) = + βγοΡ. + Py, Your = V¥u + θ.». + ΟΥ, 


wherein 
6=logR, B= — 2b, y = -- 2α', 

(12) P=—6= -- [¢ — a, — a? — 2bb' — 10, — + 40.7 |, 
Q= -Ψ- -- [c -- δ, — b? — 2aa’ — αθ,, — 301, +40,’ 


The quadratic form 
(13) 2Rdudv 


v v “- v v 
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is absolutely invariant under (3) and (4). If we compute the 
second covariant derivatives of y with respect to the form (13), 
we find that the four functions y satisfy the equations 


(14) yu = Bye + Py, yoo = yyi + Qy, 


wherein γι Ξε γὼ, 

The coordinates y, which satisfy (11) or (14), aresimilar to 
Fubini’s normal coordinates. In fact if R=a’b the canonical 
form (14) becomes Fubini’s canonical form and the invariants 
® and V become the invariants ¢ and y derived by Lane.* 


3. Geometric Considerations. We shall call the line joining y 
to the covariant point y,, the R conjugate line, and the line 
joining the covariant points γὼ, y, the R harmonic line. The 
congruences generated by these lines are respectively conjugatef 
and harmonic to the surface. 

A geometric characterization of the R conjugate line of course 
depends upon the particular invariant R. In terms of this char- 
acterization, geometric interpretations of the covariants γὼ, 
γ,, and γὼ,» and of the vanishing of the invariants P and Q 
parallel the work of Lane in the paper just cited. 

The developables of the congruence of R conjugate lines inter- 
sect S, in the integral curves of the differential equation 


(15. (Φ - 26, + 260,)du? — (W + 2a! + 2a’0,)dv? = 0. 


The developables of the congruence of R harmonic lines corres- 
pond to the curves defined by the equation 


(16) — ΨαυΣ = 0. 


Referred to the tetrahedron y, yu, δ, νω» of system (11) the 
equation of the quadric of Lie is 


(17) — + (2a'b + 36.,)x2 = 0. 


The R conjugate line intersects this quadric in y and in the 
point defined by 


*E. P. Lane, Wilczynski’s and Fubini’s canonical systems of differential 
equations, this Bulletin, vol. 32 (1926), p. 368. 

6. M. Green, Memoir on the general theory of surfaces and rectilinear 
congruences, Transactions of this Society, vol. 20 (1919), p. 99. 


Ξ 
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(18) — (2a'b + 3θ...)». 


4. Applications to Scroll Surfaces. Suppose now that the 
surface S, is a scroll. Let v=const. be the rulings. It follows 
therefore that b=0, a’#0. From (15) and (16) we observe 
that, if we take 


v(v) 


a’ 


where v(v) is a function of v alone, the curves corresponding to 
the developables of the R conjugate and R harmonic con- 
gruences coincide. In order to satisfy property (b) of R, the 
function v(v) must be transformed according to the formula 


(20) = ὁ. 


If we let z= y., we find readily that the four pairs of functions 
(νυ, 2) are solutions of differential equations of the form 


Vou + Puyo + + Quy + 412 = 0, 
Zev + parvo + poe + 4211} + 4222 = 9, 


wherein 
“— 2b’, p2=0, φιι 4ι = 2a’, 
por = 2b, poo = 2b’, gar = οὐ -- 452 = + — 4aa’. 


Denote by 6, the invariant* whose vanishing implies that the 
ruled surface has the two branches of its flecnode curve coinci- 
dent. From (21) we find that 6, is expressibie in terms of the 
coefficients of system (1) as follows: 


(22) = 64[(a/ — 2aa’)? — 20'(b.» — cd + 20'c + 20'b,!)]. 


If we use the integrability conditions} of system (1), it is easily 
verified that (@4),=0. Hence 4, is a function of v alone. More- 
over from (6) we find that the transform 6; of 04 by (4) is defined 
by the formula 


6, = 04,/V 4. 


* E. J. Wilczynski, Projective Differential Geometry of Curves and Ruled 
Surfaces, Leipzig, B. G. Teubner, 1906, p. 104. 
{ Wilczynski, First memoir, p. 245. 
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We observe that, if the ruled surface has the two branches of 
its flecnode curve distinct, we may take the function v(v) of (19) 
to be 

v(v) = 0,7/4. 


The R harmonic line, the scroll directrix of the first kind, and the 
zenerator intersect in the point y, for the choice (19) of R. 
The R conjugate line lies in the plane determined by the scroll 
directrix of the second kind and the generator. 

For the choice (19) of R, and from (18), we see that the point 
Yur lies on the osculating quadric for every choice of v(v) if and only 
if 

(log = 0, 
that is, if and only *f the curved asymptotics* on S, belong to linear 
complexes. Moreover the point y, describes a curved asymptotic 
on S, as y describes the curve u=const. 


MICHIGAN STATE COLLEGE 


* C. T. Sullivan, Properties of ruled surfaces whose asymptotic curves belong 
to linear com blexes, Transactions of this Society, vol. 15 (1914), p. 190. 
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THEOREMS ON INVERTED AND ROTATED 
CONGRUENCES* 


BY MALCOLM FOSTER 


1. Introduction. Let I be any line of a rectilinear congruence 
and M that point on the unit sphere S at which the normal is 
parallel to]. We refer the sphere to any isothermal system and 
take the linear element in the form 


(1) ds? = e?(du? + dv?). 


At M we consider the moving trihedral of S whose x-axis is 
chosen tangent to the curves v=const., and let (a, δ) be the 
coérdinates of the point in which 1 meets the xy-plane. The 
conditions that a congruence / be of a particular type are con- 
ditions upon the functions a and b.7 

For the sphere, F= D’ =0, and hence 


(2) 


Also E=€, G=G, and pi=p2=—1;} consequently D= —E, 
D’''=—G=-—E. Hence we readily find§ 


(3) On Or 
= = = = - 
ov : Ou 
When the functions in (3) are substituted in the six fundamental 
relations which are the equivalent of the Gauss and Codazzi 
equations, |! all except the equation 
07h 


Ou? ov 


τὸ 


* Presented to the Society, April 18, 1930. 

+ Malcolm Foster, Rectilinear congruences referred to special surfaces, 
Annals of Mathematics, (2), vol. 25 (1923), pp. 159-180. 

t The positive direction of the normal is chosen outward. 

§ Eisenhart, Differential Geometry of Curves and Surfaces, p. 174. 

| Eisenhart, p. 168 and p. 170. 

€ Foster, loc. cit. See p. 160 for the solution of this equation. 
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are identically satisfied. Any solution of (4) determines a 
particular isothermal system on the sphere S and two adjoint 
minimal surfaces S, and Se, such that the isothermal system on 
Sis the representation of the lines of curvature on S; and of the 
asymptotic lines on S2.* 

We shall also associate each line of a congruence with those 
points on the surfaces S, and S2 at which the normals have the 
same direction. When S; and .52 are referred to their lines of 
curvature and asymptotic lines respectively, and the linear 
element of each is taken in the form 


(5) ds? = e~*(du? + dv’), 
we readily find that the fundamental quantities for S,; and .52 
are as follows.T 


For S, For S2 
(6) &=m =e, ξξηιξ Ξ --  φιΞ δὶ, 
Or ΘᾺ ΘᾺ Or 
ov Ou ov Ou 


2. The Inversion of a Congruence. Consider any line / of a 
congruence and the moving trihedral at the associated point Μ 
of S. Relative to a circle C lying in the tangent plane with 
center at M and of constant radius k, let us invert the point 
(a, δ) in which / meets the tangent plane. The lines /, drawn 
through the inverted points 


ka kb 
(7) Ὁ ΞΞ » δι = ) 
a? + ὃ: a* + 


parallel to the normals at the associated points M will constitute 
a congruence which we call the inverse of the congruence formed 
by the lines /. 

Let us suppose that the congruence / is isotropic. Then 


ὃ 83 63 
Ou ov ou Ov? 


0.1 


(8) a= 


* Eisenhart, p. 252. 
+ Foster, loc. cit., p. 173. 
t Foster, loc. cit., p. 173. 
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We ask: Under what conditions will the congruence /; be 
normal? The condition that a congruence referred to S be 
normal is* 


(9) a=e>—, ἢ 


where P(u, v) is an arbitrary function. Hence from (7), (8), 
and (9), the condition that the congruence /; be normal is 


Ou oP ov oP 
(10) = 


ea” 
Ou Ov Ou Ov 


where we must have 


Oudv 


(11) 


It is readily found from (10), on making use of (8), that (11) is 
satisfied identically. Hence we have the following theorem. 


THEOREM 1. If an isotropic congruence | referred to S be in- 
verted relative to C, the inverted congruence 1, is normal. 


The condition that a congruence referred to S have the center 
of the sphere for its middle envelope ist 
oR OR 


(12 a=e » b= 
) ov Ou 


? 


where R(u, v) is an arbitrary function. Let us again invert an 
isotropic congruence and ask when the inverted congruence ἦν 
will be of the type (12). From (7), (8), and (12) this condition 


will be 
ὃ ὃ 
Ou OR Ov OR 
(13) Ξε ---- 


* Foster, loc. cit., p. 173. 
¢ Foster, loc. cit., p. 173. 


oP oP 
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where we must have 6?R/dudv=0?R/dudv. As before we readily 
find on using (8) that this latter relation is satisfied identically. 
Hence we have the following theorem. 


THEOREM 2. If an isotropic congruence I referred to S be in- 


verted relative to C, the inverted congruence 1, 1s normal, and has 
for its middle envelope the center of S. 


The surfaces normal to /, have been considered by Appell.* 


3. The Rotation of Congruences. We now refer the congruence / 
to the minimal surface S,; whose lines of curvature are para- 
metric. The equation whose roots ¢; and ἐς give the distances 
of the focal points from the tangent plane ist 


da ab da 0b 
ge? + —— —an— ir) +{-—- in + ar) 
Ou dav dv Ou 


da 0b 
(Ξ τε- +8 + an) = 
Ou Ov 


Hence the necessary and sufficient condition that S; be the 
middle envelope of the congruence / is that t;+/2.=0, or 
da 0b 


(14) — —— — ar, — br = O. 
ou av 


On using (6) and multiplying by e* this relation becomes 
(15) (aed) = — (60) 
5 —(ae*) = —(be*). 
Ou ov 


Let us set each member of (15) equal to 0?L/dudv, where L is an 
arbitrary function of u and v. Then the necessary and sufficient 
condition that S, be the middle envelope of / is 


91, 91, 
(16) α ελ----ΞΞὌ. ὃ- 
dv Ou 


On comparing this with the condition that a congruence referred 
to S; be normal,{ 


* P. Appell, American Journal of Mathematics, vol. 10 (1888), p. 175. 
ft Foster, loc. cit., p. 170. 
t Foster, loc. cit., p. 173. 
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(17) a = ὃ = —e*— 


where P(u, v) is an arbitrary function, we have the following 
theorem. 


THEOREM 3. [f the lines of a normal congruence referred to S, 
be rotated through an angle 1/2 about the corresponding normals, 
the middle envelope of the resulting congruence will be S,.* 


If a congruence is referred to the minimal surface S2 with its 
asymptotic lines parametric, the equation for the distances from 
the tangent plane to the focal points ist 


da ab da db 
pe? — (= Ἐ---:- ὃν -- irs) + ( - + or) 
Ov Ou Ov ou 


da 0b 
(= +{= br)(— an) = 0. 
Ou Ov 


The necessary and sufficient condition that .52 be the middle 
envelope is 


which becomes on using (6) and multiplying by 6), 
(18) : (ae*) : (be*) 

—(ae) = — —(be%). 

Ov Ou 
On setting each member of (18) equal to 0?M/dudz, where M is 
an arbitrary function of u and 2, we find that the necessary and 
sufficient condition that S2 be the middle envelope of the given 


congruence is 


(19) 


ou 


The condition that a congruence referred to .52 be normal ist 


* The direction of rotation is evidently immaterial, since P in (17) is 
arbitrary in sign. 

¢ Foster, loc. cit., p. 172. 

t Foster, loc. cit., p. 173. 


oP oP 
Ἢ 
δὰ Ob 
— + — + ar — br, = 0,7 
ov «Ou 
, OM 
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oP oP 


(20) a=e 


where the function άπ, v) is arbitrary; hence on comparing (19) 
and (20), we have the following theorem. 


THEOREM 4. [f the lines of a normal congruence referred to S2 
be rotated through an angle 1/2 about the corresponding normals, 
the middle envelope of the resulting congruence will be S>. 


Let us now seek the conditions under which the normal 
congruence (17), referred to S;, will remain normal after a rota- 
tion through an angle 7/2. From (17) we must obviously have 

oP OK oP OK 


ov ou Ou τῇ as” 


where K(u, v) is arbitrary. Hence from these equations the 
condition is that P satisfy Laplace’s equation 6?P/du?+06?P /dv* 
=0. We obtain the same result when we make a similar inquiry 
concerning the rotation of the normal congruence (20) referred 
to S.. Consequently we have the theorem: 


THEOREM 5. If the lines of a normal congruence referred to S,, 
(S2), be rotated through an angle of 7/2 about the corresponding 
normals, the resulting congruence will also be normal tf the func- 
tion P in (17), [(19)], is a solution of Laplace's equation, and will 
have 8.1, (S2), for its middle envelope. 

Since (16) is identical with (20), and (17) identical with (19), 
we have at once the following theorem. 


THEOREM 6. The point (a, b) defining a normal congruence 
referred to S;, (S2), when plotted with reference to the trihedral on 
Se, (51), defines a congruence whose middle envelope is S2, (S1). 


WESLEYAN UNIVERSITY 
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